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Abstract

Grammatical evolution has been used to solve optimization problems and to mathematically model dy-

namic systems. A key element of grammatical evolution is its grammar. However, a method to quantita-

tively analyze the degeneracy of grammars has not been proposed. The purpose of this study is to explore

the degeneracy of non-trivial grammars and to show the distribution of phenotypes in the phenotypic

search space. MATLAB was used to program grammars, generate genes, collect similar phenotypes, and

display the distribution of phenotypes. This research has produced a new method for analyzing degener-

acy and shown the uneven distribution of phenotypes. Knowing the distribution of degeneracy within a

grammar could be used to improve future grammars.

1 Introduction

1.1 Background

Evolutionary Automatic Programming (EAP) refers to “systems that adopt evolutionary computation

to automatically generate computer programs” [5]. This means that the goal of EAP is to create a pro-

gram that solves a problem just from the description of the problem. One example of EAP is Genetic

Programming (GP), which has many different variants. Traditionally, GP uses tree-like structures to

represent the solution to a problem. A subdivision of GP is Grammar Evolution (GE), which differs from

GP in that it has variable length linear genomes, has a mapping from genotype to phenotype, and uses

a grammar [5].

The gene in GE is a list of integers, usually written as 8 bit binary numbers. The GE algorithm

starts with many randomly generated genes. These genes are then processed through a genotype-

phenotype mapping using a grammar. The grammar is usually given in Backus-Naur Form (BNF),

which defines the tuple, N, T, P, S, where N is the set of non-terminals, T is the set of terminals,

P is the set of production rules, and S is the start symbol [7]. Figure 1 shows an example of a

grammar in Backus-Naur Form. In the grammar in Figure 1, N = {expr, op, func, digit}, and T =

{x, y, z,+,−, ∗, /, sin, cos, exp, log, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. The production rules are shown in the BNF,

and S = <expr>.

The process of mapping the gene onto a phenotype involves the use of modular arithmetic. The gene

is read from left to right, and the non-terminals are replaced by terminals until either there are no more

non-terminals or the limit for wrapping has been reached. The same gene run through the genotype-

phenotype mapping will produce the same expression each time. Wrapping involves going back to the

first integer of the gene once the last has been evaluated. Normally, if the wrapping limit is reached and
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Figure 1: Example of grammar in BNF [9]

the expression is not complete, the individual is designated invalid and is given the worst possible fitness

value [7]. The wrapping limit is normally set to 10, but other limits have been used [8]. In some cases,

not all integers will be used in order to produce an expression. The selection of rules follows the basic

pattern of rule = V modNR, where V is the integer value in the gene, and NR is the number of rules for

the non-terminal [9]. Table 1 shows an example of the genotype to phenotype mapping.

After the initial genes have been mapped into phenotypes, each of the phenotypes is run through a

fitness function which gives each gene a fitness value. For example, if the phenotypes are mathematical

expressions and this expression is needed to fit a set of points, the sum of the square error could be used

to give each gene corresponding to the phenotype a fitness value. Similar to Spencer’s survival of the

fittest and Darwin’s natural selection, the genes which correspond to healthy phenotypes will survive and

the less fit genes will be eliminated [5]. The surviving genes will mate to produce offspring by a crossover

mechanism, which is demonstrated in Figure 2. Also, there is a probability of mutation, which could
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Table 1: Example of genotype to phenotype mapping using grammar in Figure 1

String Gene Operation

<expr> 2, 4, 4, 8, 9, 2 2 mod 7 = 2

<func> (<expr>) 2, 4, 4, 8, 9, 2 4 mod 4 = 0

sin(<expr>) 2, 4, 4, 8, 9, 2 4 mod 7 = 4

sin(x)

change one integer in the gene. After the population has finished mating, the new population, including

the offspring and parents, is put through the same proceedings, which includes genotype to phenotype

mapping, fitness evaluation, survival/elimination, and mating, until a sufficient fitness value is achieved

or the limit on the number of generations is reached [7].

Figure 2: Demonstration of crossover. The vertical line represents the crossover point.

Grammatical Evolution uses the principles in natural biology to mimic life. An advantage of GE is

that the search and solution space are separate. This relates more closely to actual biology and allows for

the study of the genotype to phenotype mapping. One could see the string of bits as a strand of DNA.

Through transcription, DNA is translated into RNA. Transcription can be likened to the bit to integer

process. In order to translate RNA into amino acids, the nucleobases are organized into groups of three.

These groups of three are called codons and are equivalent to the integers in grammatical evolution. The

codons specify the sequence of amino acids in the produced polypeptide chain. The process from codons

to amino acids is called translation and can be likened to using the integers to call rules in the grammar.

As mentioned previously, not all integers are always used, which is related to introns in biology. The

simplification of the expression can be related to production of the protein. This last step may not be

directly related to every protein, since certain proteins require multiple polypeptide chains in order to be

functional [8]. Figure 3 demonstrates the connection between GE and biology.

Symbolic regression uses grammars that include mathematical functions. Symbolic regression has
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Figure 3: Visualization of the connection between GE and biology

been used to symbolically produce mathematical expressions that fit a set of data on a given domain [5].

Grammars used in symbolic regression can also be used for symbolic integration, solving differential equa-

tions [9], and other modeling problems.

Degeneracy occurs when two or more genotypes are mapped to the same phenotype. There is evidence

that more degeneracy in EAP increases performance. This improvement is related to the Neutral theory

of evolution, which says that degenerate genetic code increases the genetic diversity within a popula-

tion [4]. Ryan provides an interesting analogy, where he relates duplication of genes to hemoglobin [7].

Hemoglobin is a metalloprotein which consists of protein subunits. Hemoglobin is essential to the trans-

portation of oxygen throughout the body. Ryan sees the production of these subunits as relating to

duplications of phenotypes. This analogy can be expanded with degeneracy. Degenerate genetic code

allows organisms to survive if a mutation causes a harmful effect, and in some cases, small mutations are

actually beneficial to the organism. In parts of Africa, since malaria is common, having a mix of sickle

cell and normal hemoglobin cells turns out to be helpful since it lessens the chance of contracting malaria.

This could be taken as an example of the benefit of degenerate code. The slight variation in each gene

causes the mixing of the different cells to benefit the human.

One researcher, Rothlauf, makes a distinction between redundancies, which is his word for degeneracy.

Synonymously redundant means that when a genotype is closely related to another genotype, they will

more likely map to similar phenotypes. Nonsynonymously redundant means that when a genotype is

closely related to another genotype, they will less likely map to similar phenotypes. This means that

with nonsynonymous redundancy, an offspring is more likely to be completely different from the parents.

Synonymous redundancy led to improved performance [6].
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Although this finding is interesting, the scope of the research is limited to the trivial voting mapping

problem. The trivial voting mapping uses binary numbers for the genotypic search space and the number

of ones in the binary number for the phenotypic search space. Since binary numbers follow a well known

pattern, there is no mystery to the redundancy of this system. The main purpose of using this is to

test the amount of redundancy, which can be easily controlled by controlling how many bits are allowed.

Other redundancy research in grammatical evolution has made an assumption, that when increasing the

bit size the degeneracy increases evenly. Although this is true in trivial cases, this assumption is false for

others and can only be used as an approximation for the amount of degeneracy. However, a more precise

measure of degeneracy might be appropriate.

1.2 Objectives

The purpose of this research is to develop a method to explore the degeneracy of grammars. With this

developed technique, the distribution of degeneracy is revealed and could be compared with different

grammars. This could lead to revealing the reasons for the different distributions.

2 Broader Impact

Revealing the distribution of degeneracy of grammars is important in understanding how GE works. GE

is used in a multitude of applications. GE can be used to produce programs that solve various problems,

and could ultimately lead to improved artificial intelligence. Although this study deals only with symbolic

regression, the findings likely hold for other non-trivial applications.

This study has revealed that certain assumptions about the distribution cannot be made, for exam-

ple, assuming that every phenotype is assigned to at least one genotype, and that the distribution is

even. This study has shown that, with certain grammars, there is a limit to the size of the phenotypic

search space, which can be a rather disturbing finding. The implication is that the GE algorithm may

be searching a phenotypic search space that does not contain the best answer. Knowing this, grammars

could be designed to increase the size of the phenotypic search space.

This study has revealed that the factors that affect the size of the search space are the gene length,

wrapping, the number of non-terminals, the number of terminals per non-terminal, reading from the right

or left, and the terminating process. It is known that there are deep connections between degeneracy

and performance of GE algorithms. Understanding the distribution of degeneracy could allow for better

grammars to be written and consequentially better performance in GE algorithms.
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3 Procedures

The first step was to program grammars using MATLAB. The grammars in Figures 1 and 4 were pro-

grammed. Code for these grammars can be seen in the Appendix 1. Tsoulos grammar was used for

solving differential equations. The second grammar is a basic polynomial grammar.

Figure 4: BNF Basic Polynomial grammar [2].

To program these grammars, the process was split into two functions. The first function is “build tree,”

which creates a parse tree according to the specific grammar. These parse trees contain forward and back-

ward pointers, which allow the second function, “build string,” to create the mathematical expressions.

Also, an evaluation function was written in order to eliminate the complex and infinite expression. These

three functions were then used in a grammar code, which creates genes of a specified length with differ-

ent integers, runs the “build tree,” “build string,” and evaluation function on one gene in parallel, and

creates a list of the mathematical expressions. The mathematical expressions are then compared to each

other and gathered into bins. This produces a distribution of the degeneracy produced from running all

the genes. This distribution is then plotted in a histogram.

The string comparison function in MATLAB was computationally expensive, so in order to make this

process quicker, a couple solutions were attempted. First, the string comparison was written in parallel
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by first splitting the phenotypes into groups of two and comparing, then grouping two of the compressed

groups of two and comparing the first group to the second. This was repeated until only one group

remained. Although this did shorten the run time, it was not sufficient for longer gene lengths. Next,

for the polynomial grammar, points were compared according to the degree of the polynomial. This

was computationally inexpensive compared to the original string comparison, but could not be used for

the other grammar. The final solution converted the mathematical strings into a list of integers using

the double function in MATLAB and compared these lists of integers. This was also computationally

inexpensive, and was sufficient for both grammars. It should be noted that although this comparison

technique was sufficient, there likely exists a method that is computationally superior. Also, the eval

function in MATLAB only simplifies functions by combining integers. This could cause two of the same

functions to be considered different. For example, x2 + x would be different from x · (x+ 1), even though

they are the same expression. The simplify function in MATLAB could likely solve this problem. Even

though this is a flaw, this actually means that the grammars are even more degenerate than what has

been shown. The difference was considered negligible in this study. The code for the comparison tech-

niques can be found in the Appendix 2.

One major difference between this research and other studies in GE is that the gene length was set

for a specific run. Also, the gene lengths considered are not as long as normal. The largest gene length

considered was 10, which is relatively small. When the amount of genes exceeded 100,000, a sample of

100,000 random genes were chosen and plotted. This was done to shorten the run-time, and was consid-

ered sufficient to support this paper’s claim. Also, when running trials from the right, with gene length

greater than 7, and wrapping limit of 10, a depth error occurred, which is caused when an expression has

too many nested parentheses. This problem has not been solved, but may be one of the major reasons

to transfer this process to some other language. Perhaps one could solve this problem in MATLAB,

but it might be more beneficial to try something different. One final consideration is the choice to run

only combinations of 1 through the highest number of terminals per non-terminal. Doing this creates

inherent degeneracy because of the modular arithmatic when considering the non-terminals with less

than the highest number of terminals per non-terminal. Although this will cause certain functions to be

more degenerate than others, the degree of degeneracy that would be caused by this inherent degeneracy

would be less than what has been shown. Also, since the integers are normally 8 bits, there would be even

more degeneracy. Specifically, for a gene length equal to n, the degeneracy would be 64n times more than

what has been shown for the polynomial grammar. Also, two different cases when the wrapping limit is

reached (terminating processes) were considered. First, the expression was made invalid if the tree still

contained non-terminals when the wrapping limit was reached. Second, instead of making the expression
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invalid, the rules were switched to complete the expression with terminals. This second method is similar

to the method used in the Multi-Chromosomal GE study [1].

In order to visualize the results, a histogram function was written. The histogram shows the percent

of generated symbols versus the number of symbol replications. Ideally, if the distribution of degeneracy

was evenly distributed, there would be only one bar at 100%. Also, some statistics were run including the

mean, standard deviation, and entropy. The formula for entropy is −
∑n

i=1 p(xi) log2 p(xi), where p(xi) is

the probability of an event xi. The programs for these measures can be found at the end of Appendix 2.

The last step is to compare the differences in the distributions and to propose reasons for these

differences from the grammars. The factors that were explored were the gene length, wrapping, the

number of non-terminals, the number of terminals per non-terminal, reading from the left or right, and

the terminating process.

4 Results

As seen in Figures 5 and 6, the distribution of degeneracy is not evenly distributed. The distributions

are also very different. Along the top of the histogram, the number of phenotypes for each bar is also

given. The histograms for different trials can be seen in the Appendix 4. The naming system for these

histograms use the form Left/Right, gene length, wrapping limit, valid/invalid. For example, L41V was

read from left, had a gene length of 4, had a wrapping limit of 1, and used the terminating rule which

completed the tree making valid expressions. All histograms shown used the polynomial grammar. The

Tsoulos grammar was as degenerate as the polynomial grammar. Also, since the Tsoulos grammar has

terminals with the starting symbol, this introduces a very large amount of degeneracy for the expressions

x, y, and z. These expressions are coded by just 1 codon, which leaves the rest of the codons unexpressed

in the algorithm. There was no trial that had a perfectly even distribution, and the distributions did

change for each trial. Table 2 shows the statistics from the trials with the terminating rule, and Table

3 shows some statistics from the tree completion trials. More statistics are available in Appendix 3 for

the tree completion trials. Upon comparison, it is apparant that the tree completion has a lower mean

and a higher percentage of phenotypes. This implies that the tree completion method is less degenerate

than the terminating rule. This is understandable because the expressions that require less codons to be

completed are inherently degenerate. Although the tree completion method is less degenerate, it cannot

be concluded that this improves the efficiency of the algorithm. Perhaps the invalid expressions in the

terminating rule grammar would have lower fitness values than the valid expressions. This could be

explored in a study of the efficiency of these grammars, but was not explored in this study.
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Figure 6 shows a comparison of reading from the left or right. For most cases, more unique expressions

were evolved from reading from the right. Also, more phenotypes were created from reading from the

right. This could potentially increase the efficiency of the GE algorithm, but has not been studied.

Figure 5: Trial for polynomial grammar, reading from right, gene length of 8 integers, and wrapping limit

of 1

It is apparent that the grammar biases the phenotypic search space toward certain expressions. This

could have a negative effect on the grammatical evolution algorithm, since, if the biased expressions are

not functionally fit, they would clutter the search spaces.

5 Discussion

Although it has been shown that degeneracy is beneficial to GE algorithms, the degree of the uneven

distribution has never been revealed. The uneven distribution causes a bias toward the more highly

repeated phenotypes. In the case when these phenotypes are relatively fit, this could be beneficial, but,

in the case when these phenotypes are relatively unfit, this could be harmful since the unfit phenotypes

would clutter the search space. The histogram of the ideal grammar would have only one bar at 100%.
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Figure 6: Trial for polynomial grammar, reading from right, gene length of 10 integers, and wrapping

limit of 10.

Table 2: Statistics from polynomial grammar with terminating rule

Left or Gene Wrapping Mean Standard Entropy Invalid Phenotypes Genotypes Percent

Right Length Limit Deviation Expressions

L 4 10 7.76 6.75 3.04 102 33 256 12.89

R 4 10 6.24 6.41 3.23 97 41 256 16.02

L 5 10 18.29 16.60 2.03 667 56 1024 5.47

R 5 10 18.29 15.97 2.42 605 56 1024 5.47

L 6 10 19.69 29.54 3.27 2078 208 4096 5.08

R 6 10 18.96 29.46 3.07 2179 216 4096 5.27

L 7 10 40.26 80.65 2.50 10107 407 16384 2.48

R 7 10 29.10 68.14 2.92 9463 563 16384 3.44

L 8 10 47.08 172.65 3.57 65536 1392 65536 2.12

R 8 10 33.49 145.90 3.55 34589 1957 65536 2.99
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Figure 7: Comparison of phenotypes evolved from reading from the left or right of the polynomial

grammar with a gene length of 6 and wrapping of 1.

Table 3: Statistics from polynomial grammar with tree completion

Left or Gene Wrapping Mean Standard Entropy Phenotypes Genotypes Percent

Right Length Limit Deviation

L 4 10 3.20 4.18 5.71 80 256 31.25

R 4 10 2.15 3.78 6.07 119 256 46.48

L 5 10 2.38 6.92 7.25 431 1024 42.09

R 5 10 2.56 7.04 7.17 400 1024 39.06

L 6 10 4.81 15.09 8.25 851 4096 20.78

R 6 10 2.57 11.26 8.74 1595 4096 38.94

L 7 10 2.36 21.36 10.12 6933 16384 43.32

R 7 10 1.96 18.88 10.48 8376 16384 51.12

L 8 10 6.73 65.94 10.54 9743 65536 14.87

R 8 5 2.60 40.66 11.45 25195 65536 38.44
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This would make each solution as likely to be selected at random and would allow easier maneuvering

throughout the phenotypic search space.

There likely is no non-trivial grammar that can achieve this ideal case. However, certain grammars

may come closer to this ideal than others. This same method could be used to study many grammars

and perhaps reveal what conditions bring a grammar closer to this ideal.

One reason for the uneven distribution could be effective genome length. The actual genome length is

how many codons are in the gene, and the effective genome length is how many codons are actually used

to create the phenotype. It has been shown that the effective genome length is shorter than the actual

genome length, which is understandable [3]. The integers that are not used can be related to introns in

biology with the difference that introns are not all grouped together at the end. An expression that uses

less integers will have a higher degree of degeneracy since the remaining integers do not matter. This

problem might be solved by changing the grammar.

For example, using the polynomial grammar, there is a specific set of genes which will produce ex-

pressions of the form k · xl
n where k = {1, 2, 3, 4}, l = {1, 2, 3, 4}, and n = {1, 2}. The gene sequence to

produce this type of expression is [4 (1-4) 3 (1-2) (1-4) ...]. This means that there are 32 genes of this

form when the gene length is 5. If the gene length is n, and n ≥ 5, the remaining integers do not matter

so there will be 32 · 4n−5 genes that produce similar expressions. The calculation, 32·4n−5

4n
= 32

45
= 3.125%,

shows that at least 3.125 % of the expressions will be of this form. This analysis doesn’t take into ac-

count other ways of getting this type of expression, for example, x1 + x1 = 2 · x1. Other limited length

phenotypes could be analyzed the same way.

6 Conclusion

The assumption that the distribution of the phenotypic search is evenly distributed is false for the typical

non-trivial grammars tested, and likely false for most non-trivial grammars. A new method using MAT-

LAB has been developed to study degeneracy on a more quantitative level. Many grammars, especially

the grammars involved with symbolic regression, could be studied using the techniques developed. Fur-

ther study of the effects on grammar variation could lead to improvements in writing grammars, which

could lead to improvements in grammatical evolutions results and speed.
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6.1 Summary

It has been shown for a basic symbolic regression grammar that the distribution of the phenotypic search

space is unevenly distributed. This work was performed using MATLAB, by programming grammars and

running different trials. The conclusion reached with the grammars studied is likely able to be extended

to all non-trivial grammars. This has implications on the effectiveness of grammars to span a large

phenotypic search space. Also, the bias introduced by the grammar causes a chance of cluttering up the

search space.

6.2 Recommendations for Future Work

More trials with different grammars, gene lengths, and wrapping limits should be run. Also, other

grammars that do not deal with symbolic regression could be studied. In order to firmly conclude that

certain conditions are the causes of uneven distribution, more symbolic regression grammars would have

to be studied.
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