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EE692 Applied EM- FDTD Method
Chapter 3 Introduction to Maxwell’s Equations
and the Yee Algorithm

3.2 Maxwell’s Equations in Three Dimensions

e Assume no electric or magnetic current sources

Faraday’s Law

B __Guz-i
ot
O (fm e f3ar (fc e

where M is an equivalent magnetic current density (V/m?).

Ampere’s Law

—=VxH-J
a
9 [ Deds = §Hedl - [[ T-dS (3.2)
at S L S
e Gauss’ Law
VD=0
<g>13-d§ =0 (3.3)
S
e Gauss’ Law (equivalent for magnetic fields)
VeB=0
{pB-ds =0 (3.4)
S
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3.2 continued
e For simple media (i.e., homogeneous, isotropic, & linear), the following
constitutive relations hold
B =uH=puuH
D=c€ =¢.6,E (3.5)

o Define the electric and equivalent magnetic current densities as
TI=Touree +0E
M=M,,.+0H (3.6)
where o is the conductivity (S/m) and c” is the equivalent magnetic loss

(€©2/m), allows for electrically and magnetically lossy materials.

e With these relations, Ampere’s and Faraday’s Laws become

oH  1._ _ 1, L

ot :__(vxg)__(Mource +o H) (37)
7 7

of 1o - 1, - -

—=—VxH-—— E 3.8

ot < X g(jsource+0) ( )

respectively. Since Gauss’ Laws are NOT truly independent of Faraday’s
and Ampere’s Laws, they are not necessary for setting up FDTD update
equations for the electric and magnetic fields. However, they must be
obeyed when setting up the FDTD grid(s).
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3.2 continued

e Equations (3.7) and (3.8) can be split (3 equations/each) out into vector-
component scalar differential equations. These equations are
interdependent. While other orthogonal coordinate systems can be used,
usually we use Cartesian coordinates for the FDTD method.

From Faraday’s Law

oH, 1[0, &€, ,

—_— | — —— — +
ot u| 0z Oy (Moume’x 7 HX)_

oM, 1[o€, o¢ |

R Bl it St S + o
ot ul ox oz (Moo +0 Hy)_

oH, 1[og &g, |

e _ = x _— Y _ + 3.9
ot u{ oy  ox (Mase +0 Hz)_ (3.9)

From Ampere’s Law

o5 Lo T (g e
8t g_ 8y 82 source, X X

E el 0z OX

agz :l aﬂ_%_(k7sourcez +ng) (310)
ot &| ox 0y ’

agy _ 1_%—ﬂ_(jsource y + Ggy ):|
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3.3 Reduction to Two Dimensions

e Some problems do not vary with respect to one dimension. Therefore,
they reduce to two dimensions.

e For example, say the problem is infinite in the z-direction with no
variations in material or structure cross-section. Then, there are no spatial

changes with respect to z, i.e., %0 =0. Then,

0z
From Faraday’s Law

oH, 1| o¢ .

e Sl It S + 3.11a
at /J I 8y (/\/Lource,x 2 Hx):| ( )

0 1| o0&

v _ = z _ +o° 3.11b
6t 1 ] aX ('/\/lsource,y o Hy):| ( )

oH, 1[es, o€,
ot u

- ay _a_('/\/lsource,z +G*7_(z):| (311C)

From Ampere’s Law

o& _110H, _( jsourcex+agx) (3.12a)

ot &| oy ’

08, 1| oH,

- = | T — — jsource +68 3.12b

ot e ox (o y)} (5:320)
0

% LI (7. +oE) (3.120)

ot & ox oYy ’

e Examining these equations, we see that they can be grouped into two
groups of three inter-related equations each. Each group has a unique
combination of three (total) electric & magnetic components.
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3.3.1 TM, Mode

e This group includes H,, H,, and &, where the magnetic field components

are transverse to the z-direction.

e The applicable differential equations are

oH, 1| o& .

iy Sl et S 3.13a
] (3130
0 1| 8¢, .

F:;_ ax _('A/lsource,y to H/)} (313b)
%, YT M (7 . o8, (3.13¢)
o ¢&| ox oYy ’

e & can not exist near metallic or PEC surfaces that infinite in extent in the
z-direction and still satisfy the tangential electric field boundary
conditions.

e This implies that surface waves or ‘creeping’ waves will not be found in

this mode.
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3.3.2 TE, Mode

e This group includes &,, &,, and 'H, where the electric field components

are transverse to the z-direction.

e The applicable differential equations are

o8, _ 1 ﬂ_( Tuweon + ) (3.14a)
ot ¢ oy ’

08, 1| oM,

— = | T — jsource +o& 3.14b
ot & ox ( i y)} (3:140)

OH, 1|0& OE, .
el I St + 3.14c
ot ﬂ{ay ox (Mowess + 01, ) (3.14¢)

e In this mode, the electric field components (£, and £ ) can exist near

metallic or PEC surfaces that are infinite in extent in the z-direction.

e This implies that surface waves or ‘creeping’ waves are possible in this
mode.

3.4 Reduction to One Dimension

e Some problems do not vary with respect to two dimensions. Therefore,
these problems reduce to one dimension.

e For example, say the problem is infinite in the y- & z-directions with no
variations in material or structure cross-section. Then, there are no spatial

20 _20 _,
y

changes with respecttoy & z, i.e., p
Z
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3.4.1 x-directed, z-polarized TEM Mode

e Eliminate all the Z—() terms in the TM, mode equations (3.13). Also,
y
assume no source in the x-direction and that H, (t =0) =0 to get

oH, 1r "

Dl SRS + =0 3.15a

8'[ ﬂ— ('/\/ISOUI’CE,X o} 7_(X):| ( )

oH, 1]eo¢&

— L= - +o 3.15b)/(3.16a
ot ax (Momy +O Hy)} (3.15b)/(3.162)
o _1 %_(jsoum +o8,) (3.15¢)/(3.16b)
ot &| OX ’

e Only have H, and &, (hence z-polarization) field components and wave
propagation in +x-directions.

3.4.2 x-directed, y-polarized TEM Mode
()

Eliminate all the ™ terms in the TE, mode equations (3.14). Also, assume
y
no source in the x-direction and that £ (t =0) =0 to get
of, 1r
=— - jsource X +ng =0 3.17a
ot &t ( ’ )] ( )
08, 1| oM,
— = 2 (T ey +OE 3.17b)/(3.18a
ot e_ax( i y)} (3.170)/(3.182)
o0&
or _1 _—y_('/\/lsource , + a*Hz) (3.17¢)/(3.18b)
ot u| OX ’

e Only have &, (hence y-polarization) and H, field components and wave
propagation in £x-directions.
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3.5 Equivalence to the Wave Equation in One Dimension

e Assuming the source terms in the x-directed, z-polarized TEM Mode

equations (3.16) are zero, and that c = o* = 0. The differential equations
reduce to

OH, _10¢ 0 10H,
ot u ox ot & ox

e Taking another partial derivative with respect to time yields

aZHV _iazgz and 8252 —lﬁzHy
o> oxot o> & Oxot

e Taking another partial derivative with respect to x yields

aZHV _15252 and —8252 —EaZHV
oxot  u ot oxet & ot*

e By cross-substituting, we then find the one-dimensional, single variable,
scalar wave equations

0 0 o
}fy 1 7:@ =’ tly (3.19c)
ot e OX OX

and

o’ 1 0°E ,0°¢
Z __ Z _C 4

= = 3.20c
ot us oX° oX? ( )

where C =1/«/,ug IS the speed of light in the material.
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3.6 The Yee Algorithm

3.6.1 Basic Ideas

Seminal paper (hand-out) was published in May of 1966.
Yee’s FDTD equations assumed ¢ = 6* = 0 and no M.

Algorithm does NOT use scalar wave equations, but instead is based on
coupled/inter-related differential equations (i.e., the curl equations of
Ampere’s and Faraday’s Laws). Therefore, we have both electric and
magnetic field components.

Having both electric and magnetic field components gives tremendous
flexibility in modeling shapes (e.g., can handle thin wires, slots, corners
where the electric field varies as 1/r%, ...) as well as changing material
properties (changes can be made on a cell-by-cell basis).

A unit cell in the grid/lattice that Yee selected is shown in Figure 1. Note
how the field components are all centered spatially with respect to one
another in the x-, y-, and z-directions.

Figure 1 also illustrates how the integral forms of Faraday’s and Ampere’s
Laws (omit currents and assume simple media)

quodl_:—ggyﬁ-ﬁ
qgﬁ dl = —ﬂgé’ ds

are satisfied. For Ampere’s Law, note how &, is centered on the front
face of the Figure 1(b) and how H, and H, circulate around the contour

surrounding the surface of the front face of the cube.
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3.6.1 continued

Z A

(i-0.5, j+0.5, k+0.5) —|

x/

/X\/

(b)

Figure 1 Unit cell of 3D spatial Yee grid/lattice with faces centered on
(a) magnetic and (b) electric field components.
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3.6.1 continued

Overall both the differential and integral forms of Maxwell’s equations are
modeled well by the unit cells shown (including Gauss’ Laws).

The discretization of the spatial derivatives will be accomplished using
second-order accurate central-difference approximations.

The Yee cells make it easy to satisfy tangential electric and magnetic
boundary conditions, if the material boundaries align with the Cartesian
axes.

Tremendous flexibility in modeling different materials (e.g., €, u, o, and
o). These material properties can be specified on a cell-by-cell basis
which gives a ‘staircase’ or step approximation to changes in the
material/structure.

Note that there is no divergence for either the electric or magnetic field
components in the Yee cells. Gauss’ Laws are implicitly satisfied.

The field quantities are interleaved in both space and time (see Figure 2).
Note how the electric field components are placed at integer multiples of
the time step At while the magnetic field components are placed halfway
in between.

This allows for an algorithm which successively updates the electric and

magnetic field components in a fashion referred to as ‘time-steping’,

‘leapfrog’, ‘recursive’, or ‘time-marching’. E.g.,

» @ times (n+0.5)At, update the H components using the prior values &
spatially adjacent £ components from time nAt.

» @ times (n+1)At, update the £ components using the prior values &
spatially adjacent H components from time (n+0.5)At.
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3.6.1 continued

£ A

@ t=nAt

@t=m+0.5At

(b)
Figure 2 Unit cell of 3D spatial Yee grid/lattice at (a) times nAt where there

are only electric field components, and (b) times (n+0.5)At where
there are only magnetic field components.
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3.6.1 continued

As part of setting up these update equations, the discretization of the
temporal derivatives is also accomplished using second-order accurate
central-difference approximations.

Note that the Yee FDTD algorithm has no matrix inversions. Unlike
MoM and finite-elements techniques, each field component is
individually and explicitly calculated.

The Yee FDTD algorithm is nondissipative, i.e., waves do not decay due
to numerical/non-physical reasons.
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3.6.2 Finite Differences and Notation

e As part of setting up these update equations, we will adopt a shorthand
notation for expressing the spatial locations and time. E.g.,

U(X=I1AX, Y = jJAY, z=kAz,t =nAt) =U"(i, j,k)

where i, j, and k are integer indices associated with the x-, y-, and z-
coordinate directions and n is an integer index associated with time.
Here, AX,Ay,Az, and At are the spatial and temporal step sizes.

e Doing a Taylor’s series expansion of /(X Y,z,t) about x =1Ax gives

OU(IAX, JAY, KAz, nAt) U "(i+0.5,j,k)-U"(i-0.5, j,k) L0
OX AX

[ (7]

Note the similarity to the results of Chapter 2. The key difference is that
the steps forward and backward were Ax/2 instead of a full Ax.

e The second-order accurate central-difference approximation to the spatial

derivative with respect to x is then

OU(IAX, JAY, KAz, nAt) _ U"@i+0.5,j,k)-U"(i-0.5,j,k)
OX AX

e Similarly, the second-order accurate central-difference approximation to
the derivative with respect to time t = nAt is then

DU(IAX, jAy,kAzZ,nAt) U™, j,k) U5, j,k)
ot At
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3.6.3 Finite-Difference Expressions for Maxwell’s Equations in Three
Dimensions

e For some unknown reason, the text authors have reversed the usual
convention that electric field components are placed at times t = nAt while
the magnetic field components are placed at times t = (n+0.5)At. 1 will
follow the usual convention. Remember the relative locations of the field
components (both spatially and temporally) are important, not the specific
indices.

e Assume material properties (u,&,0,0°) are time-invariant.

e To begin deriving the update equations, we’ll start with the scalar
differential equation (3.10a) for the x-component of Ampere’s Law

(%'X:E %_%_(j +65)
at < ay az source, X X

e Per Figure 1(b), &, (on the front face) is located at the spatial location (x =
IAX, ¥ = (j+0.5)Ay, z = (k+0.5)Az) and the time derivative is approximated
about time t=(n+0.5)At. When discretized, this equation becomes

E;(@i, j+0.5k+05)—E](i, j+0.5k+0.5)

At
CH™S(, j+Lk+0.5)—H™(, j,k+05) |
Ay
1 HI (i, j+0.5,k +1) — H™*%(i, j +0.5,k)
Az

&(ij+0.5,k+0.5)

—JM% (i, j+0.5k+0.5)

source, X

| +o(i, j+0.5,k +0.5)E;***(i, j + 0.5,k + 0.5)
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3.6.3 continued

e Now the field component E!**°(i, j + 0.5,k +0.5) is not available in the
grid. Therefore, it is approximated, using linear interpolation, as

EM(, j+0.5k+0.5)+E(i, j+0.5k+0.5)
2

EM°(i, j +0.5,k +0.5) ~

e Using this approximation and solving for E'**, yields the update equation

X

1 O'(i,j+o.5,k+o.5)At

2&,.
E;+1(i, J+0.5k+0.5) = &(i,j+0.5,k+0.5) £+ 05K 4 05)
1+ G(i,j+0.5,k+0.5)At

25(i,j+0.5,k+0.5)

H™5(i, j+1k +0.5)— H™*5(i, j,k +0.5)

At Ay (3.29a)
n €(i,j+0.5,k+0.5) B H;HO'S (i, J+0.5,k +1) - H;HO'S (i, +0.5k)
14+ O'ij+05k+05) Al AZ
28 j.05k:05) )| —IM0% (i, j+0.5k +0.5)

source, X

e Similarly, the update equations for £ , located on the right face of Figure
1(b) at (x = (i-0.5)Ax, y = (j+1)Ay, z = (k+0.5)Az), and &,, located on the
top face of Figure 1(b) at (x = (i-0.5)Ax, y = (j+0.5)Ay, z = (k+1)Az), with
the time derivatives approximated about time t = (n+0.5)At are found from

Ampere’s Law using the scalar differential equations (3.10b) and (3.10c)
as
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3.6.3 continued

E;*(i-0.5j+1k+0.5)=

Page 17 of 38

1 O-(i—0.5,j+l,k+0.5)At

2‘9(i—0.5,j+1,k+0.5)

E;(i-0.5j+1k+0.5)

1+ G(i—0.5,j+1,k+0.5)At

&(i-05, j+1,k+0.5)

(H™%5(i—-0.5, j+Lk +1) —H™*5(i —0.5, j + 1 k)

At AVA
+ g(i—0.5,j+1,k+0.5) _ Hzn+o'5(i, J +1,k +0.5)— Hzn+0.5(i —1, J +1,k +05)
14 G(i—O.S,j+1,k+O.5)At AX
2805 s1ks05) )| — Jomma,(i—0.5, j+1,k +0.5)
(3.29b)
and

EM(i—0.5,j+0.5k+1) =

1 G(i—O.S,j+0.5,k+1)At

2‘9(i—0.5,j+0.5,k+1)

E'(i—0.5,]j+0.5k +1)
1+ G(i—0.5,j+0.5,k+1)At

28(i—0.5,j+0.5,k+1)

H;+0.5(i’j+0'5’k+1)_H;1+0.5(i_1’j+0_5,k+1)

At AX
€(i-05,j+0.5 k+1) B H™*(@(-0.5,j+Lk+1)—-H"*({-0.5, j,k +1)
14+ O'(i—o.s,j+o.5,k+1)At Ay
28 05.iv05k:0) )| — J;L?&iz (i—0.5j+0.5k+1)

(3.29¢)
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3.6.3 continued

e In a similar fashion, the update equations for the magnetic field
components are found using Faraday’s Law using the scalar differential
equations (3.11a) - (3.11c) for H,, located on the upper right edge of

Figure 1(b) at (x = (i-0.5)Ax, y = (j+1)Ay, z = (k+1)Az), H,, located on the
upper front edge of Figure 1(b) at (x=1Ax, y = (j+0.5)Ay, z = (k+1)Az), and
H,, located on the right front edge of Figure 1(b) at (x=1Ax, y=(j+1)Ay, z

= (k+0.5)Az) with the time derivatives approximated about time t = nAt.

e The update equations for the magnetic field components are

*

1 O-(i—0.5,j+1,k+1)At

20 o5
H (@ -05 j+1k+1) = ;u('—o-5.1+1,k+1) 051 vLk e
1+ O-(i_o'5rj+1,k+1)At

21u(i—0.5,j+1,k+1)
E;(i-0.5j+1Lk+15)—E/(i-05, j+1,k+0.5)

At AZ
+ :u(i—0.5,j+1,k+1) _ Ezn (| - 05, J +1.5, k +1) - Ezn (l - 05, J + 05, k +1)
14+ 0(i—0.5,j+1,k+1)At Ay
2M 05 jaky )| — M (i—-05j+Lk+1

source, X

(3.30a)
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3.6.3 continued

Hy %@, j+0.5,k+1) =

At

Hii,j+0.5 k+1)

and

HM™ (i, j+1,k +0.5) =

1+

G(i,j+0.5,k+1)At

2;“(i,j+0.5,k+1)

At

Hi j+1.k+0.5)

1+

G(i,j+1,k+0.5)At

2:u(i,j+1,k+0.5)

*

1 G(i,j+0.5,k+1)At

Page 19 of 38

2#(i,j+0.5,k+1)

1+ G(i,j+0.5,k+1)At

H) %@, j+0.5,k +1)

2:u(i,j+0.5,k+1)

[ E"(i+0.5,j+05k+1)—E"i—-0.5,j+0.5k+1) |

B (1,j+05k+1.5)-E/(i, j+ 0.5k +0.5)

AX

-M"

source, y

(i,j+0.5

1 O'(i,j+1,k+0.5)At

2,U(i,j+1,k+o.5)

1+ O'(i,j+1,k+o.5)At

Zzu(i,j+1,k+0.5)

E"(i, j+1.5,k +0.5)—E"(i, j + 0.5,k + 0.5)

K+1)

AZ

(3.300)

H™*(i, j+1,k +0.5)

—M"

- E;(i+05, j+1,k+0.5)-E/(i—-0.5, j+1k+0.5)

Ay

source,z

(i, j+1,k+0.5)

AX

(3.3(30)



C:\tom\classes_grad\ee692_FDTD\notes\chap_03\ee692_FDTD_chap_03.doc Page 20 of 38

3.6.4 Space Reqgion with a Continuous Variation of Material Properties

The implementation of the update equations for the electric and magnetic
field components in a region where the material properties change
continuously or frequently can be done directly as given in (3.29) and
(3.30). However, from a computational standpoint, it would be grossly
inefficient to re-calculate the time-invariant coefficients at each time step.

Instead, these coefficients are usually pre-processed and stored in
memory.

For the electric field updates, the relevant coefficients at a general
location (i, j, k) are

c |1 %At /4, TuinAt (3.31a)
a(i.j k) 2641 28 k)
AL
Corgi ko :(At]/(yrw} o
s e A 28 .
ii0A (i,j.k)
AL
Coaij k) :(MJ/(PF%] N
& o2 25110

where the coefficient location matches the relevant electric field
component and A; & A, denote the two possible spatial increments (out of
AX, Ay, and Az). For the case of a cubic lattice where Ax = Ay = Az = A,
Cp1 = Cp2 = Gy,
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3.6.4 continued

e For the magnetic field updates, the relevant coefficients at a general
location (i, j, k) are

* At oAt
D,iix) = I—M 1+M (3.31a)
2144 5 x) 244 5 x)
Do iy = _ AL 1+0(*i'j’k)At (3.31b)
:u(i,j,k)Al Zzu(i,j,k)
Dooiiing = At 1+0(*i'j'k)At (3.31¢c)
zu(i,j,k)AZ 2/U(i,j,k)

where the coefficient location matches the relevant electric field
component and A; & A, denote the two possible spatial increments (out of

AX, Ay, and Az). For the case of a cubic lattice where Ax = Ay = Az = A,
Dp1 = Dp2 = Dy,

e Using these coefficients, the electric field update equations, for a cubic
lattice, become

EQ+1(i’ j+0.5,k+0.5) = Ca,EX(i,j+0.5,k+0.5) E; (1,]+0.5,k+0.5)

(HP%(, j+1,k +0.5) —HI"%(i, j,k +0.5))
+Cok, i jroskeosy | — (Hy @, j+05,k +1) = H**(i, j+ 0.5,k))

—JM0 (§,j+0.5k+0.5A |

source, X

(3.33a)
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3.6.4 continued

E;*(i-0.5 j+1k+0.5)= Cak,i-0s,js1ks08) Ey (i—0.5, j+1,k +0.5)

+C e
b.E, (i-0.5, j+1,k+0.5)

and

(Hy®(i-05, j+Lk+1)—H"**(i-05, j+1k))
—(HI5(i, j+1k +05)~H"®(i -1 j +1k +0.5))
—JMS (i—-0.5,j+1,k +0.5)A

source,y

E;*(i-05,j+05k+1)=C,¢ (o5 .05xE; (i—0.5, j+0.5k +1)

+Ch e, (i-05,j+05.k+1)

(Hy©%(i, j+05,k +1)—H"*(i -1, j+ 05k +1))
—(Hy*(-05, j+Lk+1) - H{***(i-0.5, j,k +1))
—JM (1-0.5,j+05k+1)A

source, z
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(3.33b)

(3.2%3c)

o Similarly, using these coefficients, the magnetic field update equations,

for a cubic lattic

e, become

HI 0% (i~ 0.5, j+1,k +1) = D, 1 o5 ke Hi "2 0.5, j+1k +1)

+ Db,HX(i—O.S, j+L,k+1)

(Ey(i-05,j+Lk+15)—E)(i—-05, j+1k +0.5))
~(E}(i-05,j+1.5k+1)—E](i-05, j+05k+1))
-M. (i—05j+Lk+1A

source, X

3.

34a)
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3.6.4 continued

H;*O'S (i,j+0.5k+1)= Da,Hy(i,j+O.5,k+1) H;_O'S (I,)+0.5k+1)

(Ef(i+05,j+0.5k+1)—E](i-05,j+05k+1))
—(EJ(i,j+0.5k +1.5)—E}(i, j +0.5,k + 0.5))
(i, j+0.5,k+1)A

+Db,Hy(i,j+0.5,k+l)

n
-M source, y

(3_.34b)
and
H (i, j+1L,k+0.5) =D, ( jusos) Hr (i, j+1,k +0.5)
(EN(i, j+1.5k+0.5)~E[(i, j + 0.5,k +0.5))
—(Ey(i+05,j+1k+0.5)—E}(i—05, j+1k+0.5))
(i,j+Lk+0.5)A

+Db,HZ(i,j+l,k+0.5)

- M"

source, z

(3._34c)

Using these field update equations, the total computer memory required is
approximately (code will have overhead)

18N = (6 components + 2 coefficients/component x 6 components)N

where N is the total number of Yee cells in the model.
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3.6.5 Space reqgion with a Finite Number of Distinct Media

In free space or materials where the material properties are mostly
homogeneous, the total computer memory required is reduced to
approximately 6N or 12N.

One approach is to define the needed constant coefficients before the time
loop and split the electric and magnetic field spatial update loops (i.e.,
loops with respect to i, j, & k) up to reflect the different material regions.

» The advantage of this approach is that you get a very efficient & fast
code.

» The disadvantage is that every problem must be custom coded.

» Total computer memory required is reduced to approximately 6N

Another approach is to define an integer pointer arrays MEDIAC(I, j, k)
where the stored integer m is used to reference the appropriate
coefficients, e.g., C4(m), Cy(m). Da(m), and Dy(m).

» The advantage of this approach is that you get a more efficient & faster
code that is quite general.

» The disadvantage is that it is not quite as efficient or fast.
» Total computer memory required is reduced to approximately
12N = (6 components + 1 coefficient/component x 6 components)N

» In this case, the applicable update equations are
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3.6.5 continued

m=MEDIA, (i, j + 0.5,k +0.5)

E)l:-t—l(i

+Cy (M)| = (Hy™*° (i, j+ 0.5,k +1) = H"*° (i, j+0.5,k) )

,j+05k+0.5)=C,(m)E; (i, j+0.5,k +0.5)

(H%(0, j+Lk+05)—H"(i, j,k +0.5))

3528 (i, j+05,k +05)A

m = MEDIA, (i-0.5,j+1k+0.5)
E™(i—0.5, j+1k+0.5)=C,(m)E"(i—0.5, j +1k +0.5)

+C, (M)

(Hy*(-05, j+Lk+1) ~ H™**(i-0.5, j+1k))
—(H*(0, j+1k +0.5) = H***(i -1, j +1k +0.5))
—JM05 (105, j+1Lk+0.5)A

source, y

m = MEDIA, (i—0.5, j+0.5,k +1)
EM(i—0.5,j+0.5k+1)=C,(m)E"(i-0.5,j+0.5k +1)

+C, (M)

(Hy©°(, j+05k+1) = H"%(i -1, j+ 0.5,k +1))
—(HJ**(i =05, j+1Lk +1)—H**(i-05, j,k +1))
—JX% (0.5, j+05k+1DA

source, z

for the electric field components.

(3.35a)

(3.35h)

(3.35¢)
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3.6.5 continued
m= MEDIAHX (i—-05,j+1L,k+1)
HX”*O'S(i —-0.5,j+Lk+1) =D, (m) HQ‘°'5(i —0.5,j+1Lk+1)

(Ey(i-0.5,j+Lk+15)—E)(i—05, j+1k +0.5))

+D,(m)| - (E](i-0.5, j+1.5,k +1)—E(i—0.5, j + 0.5,k +1)
-M?  (i—-05j+1Lk+DA

source, X

(3.364a)
m=MEDIA, (i, j+0.5k+1)
H*0%(i, j+0.5,k +1) = D,(m)H}°%(i, j + 0.5,k +1)
((ED(i+05,j+05k+1)~E}(i-05j+05k+1))
+D,(m)| - (E{ (i, j + 0.5,k +1.5) = E] (i, j + 0.5,k +0.5))
~ Mgy (i, J+0.5k+1)A
_ _ (3.36b)
and
m=MEDIA,, (i, j+1k+0.5)
H™®(i, j+1k +0.5) = D, (m)H (i, j +1,k +0.5)
(EN(, j+1.5k+0.5)~E!(i, j +0.5,k +0.5)) |
+D,(m)| - (E;(i+0.5, j+1Lk +05)—E}(i-0.5, j+1k +0.5))
— Mguee o (i, j +1,k +0.5) A
_ _(3.36c)

for the magnetic field components.
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3.6.6 Space Region with Nonpermeable Media

age 27 of 38

e In this case, the media is non-magnetic (i.e., u = yg and o* = 0). The
electric field component update equations (3.29) are unchanged.
However, the magnetic field component update equations (3.30) become

H™(i—0.5, j+Lk+1)=H"*(i-05, j+1k+1)

)

(E)(i-05, j+Lk+15)~E(i-0.5, j+1k +0.5)
Az
_ENi—05,j+15k+1])—E}(i-05, j+0.5k+1)
Ay
-M?  (i—-05, j+1Lk+1)

source, X

H;+0.5(i’ J +O.5,k +1) — H;—O.S(i, J -|—O.5,k +1)

E"(i+0.5,j+05k+1)—E"i—0.5,j+0.5k+1) |
AX

Hy

J{At] _Ej(i, j+0.5,k +1.5)—E}(i, j + 0.5,k +0.5)

Az
-M] (i,j+0.5k+1)

source,y

HM™°@, j+Lk+0.5) =H!™(i, j+1,k +0.5)

)

E"(i, j+1.5,k +0.5)—E"(i, j + 0.5,k + 0.5)
Ay
E;(i+0.5 j+Lk+0.5)-E/(i-05,j+1k+0.5)
AX
-M?  (i,j+1Lk+0.5)

source,z
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3.6.6 continued

e One possibility for efficiently implementing the FDTD updates is to
introduce proportional electric fields and magnetic equivalent currents,

é:[ At jE and M :(ﬂjm (3.37)
HoA Hy

where AX = Ay = Az = A, in the FDTD update equations, and defining a
scaled update coefficient

éb (m) :(

At
HoA

ij(m) (3.38)

e Then, the updates of (3.35) and (3.36) can be re-written as
m=MEDIA, (i, j+0.5k +0.5)

E™ (i, j+0.5,k +0.5)=C,(m)E"(i, j + 0.5,k +0.5)

(H%(0, j+Lk+05)—H"*(i, j,k +0.5))
+Cy ()| = (Hy™*°(, j+0.5,k +1) = H" (i, j+0.5,k))
—JMes (i, j+0.5,k+0.5)A

source,

(3.39a)
m=MEDIA (i—0.5, j+1k +0.5)
E;™*(i-0.5,j+1k+0.5)=C,(mE;(i-05,j+Lk +0.5)
(Hy°(i-05,j+Lk+1)—H"**(i-05, j+1k))
+Cy (M| = (H7"°°(, j+1k +0.5) = H"*%(i -1, j +1,k +0.5))

— Jersy (i—05, j+1,k +0.5) A

(3.39b)
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3.6.6 continued
m=MEDIA (i-0.5, j+0.5k +1)
EM(i-05,j+0.5k+1)=C,(mE"(i-05,j+0.5k+1)
[(HI%(, j+05,k +1) = H™ (i -1, j+ 05,k +1))
+Cy (M| = (H7°*(1-05, j+Lk +1) —H"**(i-0.5, j,k +1))

—JM° (1-0.5,j+05k+1)A

source,z

(3.39¢)
for the electric field components, and

H™°({—05, j+Lk+1)=H">(@{-05,j+1k+1)
E"(i—-05,j+Lk+15 E"(i—05,j+15k+1
—-E;(i-05,j+1Lk+0.5) —E;(i—0.5,j+0.5k +1)

~M!  (i-0.5, j+1k+1)

Hy %@, j+0.5,k+1) =H;™°(i, j+ 0.5,k +1)
+£éum+aaj+05x+¢)]_(éuLj+aak+15)

—E"(i-0.5,j+0.5k+1) ) (-E"(i,]j+0.5k+0.5)
~M" (i, j+05k+1)

source, y

j (3.40h)

and
HM™(, j+1,k +0.5) =H"*°(i, j +1,k +0.5)
E"(i,j+1.5k+0.5 E'(i+05,j+Lk+05
S| Bl ) || B U05] ) (3.40¢)
—E"(i,j+05,k+05)) |-E"(i-0.5, j+1k+0.5)

~M" (i, j+1Lk+0.5)

source,z

for the magnetic field components.
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3.6.7 Reduction to the Two-Dimensional TM, and TE, Modes

As discussed in section 3.3, some problems do not vary with respect to
one dimension. Therefore, they reduce to two dimensions, and the six
scalar component equations decouple in to two groups of three equations
called TE and TM modes.

For example, say the problem is infinite in the z-direction with no
variations in material or structure cross-section. Then, the six scalar
component equations decouple into two groups of three differential
equations called the TM, (3.13) and TE, modes (3.14).

In the following sections, the applicable FDTD update equations for TM,
and TE, modes are given. The text gives a version of the update equations
for the TM, and TE, modes for a finite number of material regions in
(3.41) and (3.42) respectively.

Two-Dimensional TM, Mode

In the TM, mode, the applicable field components are H,, H,, and &,.

Note that the magnetic field components are transverse to the z-direction
(i.e., they are located in the x-y plane).

The applicable 2-D spatial grid/lattice (see Figure 3) is on an x-y plane.
To see how this is a special case of the 3D grid/lattice, examine the top
face of the 3D Yee unit cell shown in Figure 1(b).

Again, the electric field component (i.e., &,) is placed at times t = nAt
while the magnetic field components (i.e., H, and H,) are placed at times

t=(n+0.5)At as shown in Figure 4.
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3.6.7 continued
VIAY A

A &
JHl14+ o> o> o> o> 3
H,
+— A $ EA ﬁ iy \ ﬁ é H.
J+ o> o> o>
H,
L o & 4o & 4o &
1+ o> o> o>
4+ A ﬁ A ﬁ A ﬁ
—— i i i >
i-1 i i+1  YAx
Figure 3 2D spatial lattice for TM, mode
yidy, YAy,
j+1T jt1T+ o> o> o>
L A A A 1 A A A
T |+ o» o> o>
1+ a A A 1 A A A
1 1+ o» o> op
1 a A A 1 A A A
— 1> — 1 >
i-1 i i+1 XAx i-1 i i+1 X/Ax
(a) (b)

Figure 4 2D spatial lattice for TM; mode at times (a) nAt (only &,
component) and (b) (n+0.5)At (H, and H, components).
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3.6.7 continued

e Discretizing (3.13) for the H,, H,, and &, locations indicated in Figure 3
leads to the TM, mode update equations

1 O';_O_S, J-)At At
H™05(i - 0.5, ) = 2*:u(i—0.5,j) H™5(i - 0.5, j) :u(i—o.5,j)

14+ U(i—o.s,j+1)At 14 G(i—O.S,j)At

21u(i—0.5, i) 21u(i—0.5, i)
{ E;(i-05j+05)-E](i-05j-05) MY (05, )
Az ’ ]

1- G(*i, i105)At At

2/U(i,j+o.5)

n+0.5 /i . n-05/: Hii j+05)
H™(,j+0.5) = HJ™ (i, j+0.5) + ’

1_|_(7("J+—05)At 1_|_(7("J+—05)At
2 j105) 214 05
X[ E'i+0.5,j+ 0.5)A- E;(i-05,j+05) MI G0 j+05)
y ,

1 O'(i—o.s,j+o.5)At

2¢c.. .
E™(i—-0.5, j+0.5) = £6-05J:08_EN (05, j+0.5)
14+ 0(i—0.5,j+0.5)At

28(i—0.5,j+0.5)
H ;HO'S (i,j+05)—-H ;+0'5(i -1,]+0.5)

At AX
+ g(i_o,5,j+0,5) _ H;+0'5 (l - 05, j +1) — H;HO'S (l - 05, J)
14 G(i—O.S,j+0.5)At Ay
28 05,405 )| —IM0% (i—0.5, j+0.5)

source,z
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3.6.7 continued

Two-Dimensional TE, Mode

e In the TE; mode, the applicable field components are &, £, and H,.

Note that the electric field components are transverse to the z-direction
(i.e., they are located in the x-y plane).

e The applicable 2D spatial grid/lattice (see Figure 5) is on an x-y plane. To
see how this is a special case of the 3D grid/lattice, examine the top face
of the 3D Yee unit cell shown in Figure 1(a).

e Again, the electric field components (i.e., £ and &) are placed at times t

= nAt while the magnetic field component (i.e. H,) is placed at times t =
(n+0.5)At as shown in Figure 6.

VIAY A > £

X

j+l——fAfAfA ff.

— > Eo> > | A H
] + A A fg)_AH_-f A

i1+ 2 At A b oA

-1 - > >

I I I I I I >
i-1 i i+1  Y/Ax

Figure 5 2D spatial lattice for TE, mode
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3.6.7 continued

VIAY A
J+14 f f f
+ o o o
o S S
+ o o o
P S S
+ o o >
—t—t—F—F—F+—>
i-1 [ i+1 YA
(a)

(b)
Figure 6 2D spatial lattice for TE, mode at times (a) nAt (£ and &,
components) and (b) (n+0.5)At (only H, component).
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VIAY A
j+1+ A A A
] T A A A
J-14 A A A
———+—+— >
i-1 [ i+1 VA

e Discretizing (3.14) for the &, £, and H, locations indicated in Figure 5
leads to the TE, mode update equations

1-—

O-(i,j+0.5)At

28 ;.05

E;‘*l(i, j+0.5) =
1+

O, j+O.5)At

2‘9(i,j+0.5)

E; (i, j+0.5)+

XPﬂ”%J+D—H?“@D_JM5

source, X

Ay

At

(i, j+0.5)

1+

o'(i,j+o.5)At

2‘9(i,j+o.5)

(i, j +0.5)
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3.6.7 continued

1_ Oios.)At At
n+l /s : 2‘9i—.' nore ] Eli_05 i
B (=05, J) =| ——— >0 [E)(i-05,)) | — >0
1+ (=057~ 14 —(i=05.))
2805,)) 2895,j)
n+05 ¢ +\ _ gn+05.: g & ]
{ A DR Q20 gree -0, )
AX ’ |
1_ O'(i]j)At
2.
HI0%, ) =| —C2 | HI%(i, j)
1+ O'(i]j)At
214 5)
E"(i,j+0.5)—E"(i,j—0.5) |
At Ay
i iy E;‘ (i+05,j)- E;‘ (i-0.5,))
||~
O At AX
1+ DT
2G5 )l =My, (i, 1)
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3.6.8 Interpretation as Faraday’s and Ampere’s L.aws in Integral Form

e Usually, the FDTD update equations are derived directly from the
differential or point form of Ampere’s and Faraday’s Laws. While this
works well in free space or homogeneous material regions, it is
insufficient to deal with model features (e.g., thin slots in metal sheets,
thin resistive sheets, thin wires, ...) smaller than the spatial step sizes.

e A method for dealing with these fine features, where the underlying
physics are understood, is to use the integral form of Ampere’s and
Faraday’s Laws over the contours and surface areas of the FDTD
grid/lattice. This topic is discussed in more detail in Chapter 10.

e To illustrate this method, we’ll show how the FDTD update equation for
&, can be derived by applying the integral form of Ampere’s Law to the

contour and surface shown in Figure 7 where the fields are in a free space
region with no electric current sources and we are at time t= (n+0.5)At.

t:(]’l‘i‘OS)AlL Ax )\ ............................ Hy(i'l, j+0.5, k)
L

(i-0.5, j+0.5, K)
(i,j*+0.5,k) = @

.
-------
""""
_______
" .
Lo

Figure 7 &, FDTD update contour and surface
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3.6.8 continued

In this case, the general integral form of Ampere’s Law (3.2) reduces to
O rp= _
goagé‘-ds =<_[>H-d|

where the surface S is the rectangular area outlined by the contour L
(dashed line) in Figure 7 and dS =dS, =&, dxdy (applied right-hand rule
to L).

To evaluate the line integral on the RHS, assume that the H, and H,

values are constant over the length of each of the four sides of S. This
yields

GHedT = H™%(i - 0.5, j,k)Ax+ H ™ (i, j +0.5,k)Ay
L
_H)f:+0.5(i’ J +1’ k)AX— H;+O.5(i _1’ J +05,k)Ay

To evaluate the surface integral, assume that &, is constant (i.e., can be
pulled outside the integral) over the entire surface S. This yields

5g§£Jg‘d§:50 OE,(i—0.5, j+0.5k) J‘SJ‘dXdy

ot
: OE, (i —O.Z;J +0.5,k) AxAy

Then, use the standard FDTD approximation on the time-derivative to get

gogﬂg.dgzgoag(u—o.s,J+o.5,k)AxAy
S

ot

n+les : _EN(i :
E,; (i 0.5,j+0.5,k)At E,(i—0.5, j+0.5Kk) AXAY

0
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3.6.8 continued

e Equating the results for the two sides of the integral form of Ampere’s
Law yields

Ezn+1(i —0.5,j+05k)-E](i-0.5 j+0.5k)
&y
At
H:+0'5(i —0.5, j,k)Ax + H;+O'5(i, ] +0.5,k)Ay

“HIMOS(i, j+1K)AX— H™3(i =1, j +0.5,k) Ay

AXAY =

e \We can then solve for the update equation

EM (i —0.5, j +0.5,k) = E"(i — 0.5, j +0.5,k)

At - ' '
n Hn+0.5 i, +O5,k _ Hn+0.5 i _1, +051k
EyAX ( y (I, ] ) y ( . ))
_ At (H;\+0.5(i’ j+1,k)—HQ+O'5(i—O-5, J,k))
EAY

which is what we get from (3.29c¢) under the same conditions.

3.6.9 Divergence-Free Nature

e This section shows how applying the integral form of Gauss’ Law (3.3) to
the six sides of a Yee unit cell (see Figure 1(b)) and then substituting in
the appropriate update equations for the relevant electric field
components satisfies the condition that the net electric flux be zero.
Further work on this will be reserved for the homework.



