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Comments: 

 In this case, Nλ⏐transition = 3.   

 Note how the attenuation constant disappears for Nλ > Nλ⏐transition = 3. 

 Note how the attenuation constant approaches 2.639 as Nλ → 1. 

 Note how the numerical phase velocity is greater than the speed of light 
for Nλ < 2. 

 Note how the numerical phase velocity is less than the speed of light for 
Nλ < 2. 

 Note how the numerical phase velocity approaches the speed of light as 
Nλ → ∞. 
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Comments: 

 Note how the % error between the numerical phase velocity and free-
space phase velocity approaches 0 as Nλ → ∞. 

 Decrease is proportional to 1/ Nλ
2 due to second-order accuracy of finite-

difference approximation. 
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Fig. 2.3a) comments: 

 In this case, the input signal is a rectangular pulse which is 40 spatial 
cells wide.  From Fourier transform theory we know that this signal has 
infinite frequency content that does not damp out quickly, e.g., 
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 For the magic time-step ( 1 /S c t x= = ∆ ∆ ), the pulse is perfectly 
recreated since p cν ≡  is constant at all frequencies (no dispersion). 

 However, when S = 0.99, pν  is NOT constant at all frequencies 

(dispersion) and we see delayed ringing at the edges of the pulse (high 
frequency content is not adequately sampled). 

 Also, when S = 0.99, we see some superluminal signal content before 
the leading edge of the pulse (i.e., p cν > ). 

 

Fig. 2.3b) comments: 

 Here, we see what happens when S = 0.5. 

 Much worse ringing with S = 0.5. 

 More superluminal signal content with S = 0.5. 
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Fig. 2.4a) comments: 

 In this case, the input signal is a Gaussian pulse which is 40 spatial cells 
wide at the 1/e = 0.368 points.  From Fourier transform theory, we know 
that this signal has infinite frequency content, e.g., 
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⎝ ⎠ ⎝ ⎠↔ .  However, it falls off exponentially. 

 For the magic time-step ( 1 /S c t x= = ∆ ∆ ), the pulse is perfectly 
recreated since p cν ≡  is constant at all frequencies (no dispersion). 

 When S = 0.99, pν  is NOT constant at all frequencies (dispersion 

possible).  However, since this signal has much less high frequency 
content, we see no visible difference with the S = 1 case. 

 

Fig. 2.4b) comments: 

 Here, we see what happens to the Gaussian pulse when S = 0.5. 

 Still no visible ringing with S = 0.5. 

 Some dispersion visible in that the S = 0.5 pulse lags the S = 1 pulse 
slightly (i.e., p cν < ) 

 No visible superluminal signal content with S = 0.5. 
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Fig. 2.5 comments: 

 In this case, the input signal was a Gaussian pulse 40 spatial cells wide 
at the 1/e = 0.368 points that is incident from free space on a lossless 
material where / 4p cν =  at spatial index i = 140.  The pulse is partially 

reflected (Γ = -0.6) and partially transmitted (τ = 0.4).  The grid x∆  and 
 are held constant, causing the free space t∆ 1S =  to change to 0.25S =  

in the other material. 

 As can be seen, the results are very good (e.g., Γ ≈ -0.603, pulse width is 
approximately 10, a fourth of the original, in the new material, …) 















 34

2.7.2 Examples of Calculations Involving Numerical Instability 
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2.7.2 cont. 
 

Fig. 2.6a) comments: 

 Let S = 1.0005 at all points in the grid for a Gaussian pulse input signal 
which is 40 temporal cells wide at the 1/e = 0.368 points. 

 Look at several snapshots in time and see instability growing on the 
trailing edge of the signal. 

 

Fig. 2.6b) comments: 

 Here, we zoom in on the small i signal components. 

 Exponential growth with respect to n is evident and near the predicted 
rate. 

 Wavelength of instability is 2∆x as predicted. 
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Fig. 2.7a) comments: 

 Let S = 1.075 at a single point (i =90) in the grid for a Gaussian pulse 
input signal which is 40 temporal cells wide at the 1/e = 0.368 points.  S 
= 1 elsewhere in the grid. 

 Look at several snapshots in time and see instability growing, centered 
on i =90, at the trailing edge of the signal. 

 

Fig. 2.7b) comments: 

 Here, we zoom in on the signal components near i = 90. 

 Exponential growth with respect to n is evident, but is slower than 
predicted rate for global grid. 

 Wavelength of instability is 2∆x as predicted. 
 




