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EE692 Applied EM- FDTD Method
One-Dimensional Transmission Lines Notes- Lecture 4

FDTD Modeling of VVoltage Sources and Terminations with Parallel/Series RLC
Loads

As the final step toward modeling transmission line circuits (see Figure 1), this
lecture will present the FDTD update equations necessary to implement voltage
sources and transmission line terminations with parallel or series RLC loads in the
one-dimensional (1-D) FDTD transmission line model [1]. This is an extension of
the work to implement single lumped circuit elements (e.g., capacitors, inductors, and
resistors) [2] and parallel or series RLC loads [3-4] placed in parallel or series with
the transmission line presented in prior lectures. The work on single lumped
elements can be adapted in a similar fashion. Some results will be shown to
demonstrate the accuracy and validity of the update equations by comparison with
analytic results.

Lossless transmission line, possibly

Voltage Source with RLC loads in parallel or series
—_— o~ — Terminating Load
Parallel/Series Parallel/Series R R e N
RLCLoad | ~ > | RLC Load > T
vV (t) L, Zc, [Parallel/Series| Zc: |Parallel/Series
s v, v, RLC Load | v, RLC Load

Figure 1 Transmission line circuit.
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Voltage source with series RLC load in series

Figure 2 shows the circuit representation, incremental, and discretized incremental
models for a voltage source with series RLC elements in series. In Figure 2, | is the
inductance per unit length, and c is the capacitance per unit length, and R, L, and C
are the lumped element resistor, inductor, and capacitor respectively.
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Figure 2 (a) Circuit representation, (b) incremental, and (c) discretized incremental
models of a voltage source with lumped element series RLC load in series.
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Applying Kirchoff’s Current Law (KCL) to the top right node of Figure 2b yields

ov(z + Az,t)

I(z,t)—i(z+ Az,t) —cAz =0.

Applying Kirchoff’s Voltage Law (KVL) clockwise around the outside loop of
Figure 2b yields

V(2 + A1) -V, () +Ri(z )+ LOED Ly 1A 8EY

where
1,t.
Ves (2,1) :Ejto i(2,t) 0t + Vs (2,1,).

These equations, when discretized (see RLC loads lecture material), re-arranged and

simplified, yield the update equations

V" (k. +0.5) =V " (k +0.5)
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Again, define the characteristic impedance Z. = \/g , phase velocity v :%, and
C

v At
Courant stability factor S = pA . This implies I:Z—C and c:i. Note, there

z v, V,Zc

Is an auxiliary equation to update the voltage across the series lumped capacitor Vcs.
Further, the current update equation has several modifications (when compared to
that for a 1D lossless transmission line) that account for the series RLC load in series-

an additional term for Vcs, the left-hand voltage V"(k) has been replaced with the

discretized source voltage V'(k,.), and there are coefficients that account for the

SIc

series lumped-element inductor and resistor in series. The update equation for the
voltage is unchanged from that for a 1D lossless transmission line.

The series RLC load in series with the voltage source and the lossless 1D
transmission line is located at z=(k . +0.5)Az in the FDTD grid. In the FDTD

spatial grid, the voltage source is placed at location z=k,Az. In most instances

SIc

k,, =0 and z=0 are selected (source at the beginning of the transmission line).

This allows the update equations to begin with the current and voltage nodes at
spatial indices of k = 1 which is well suited to most programming languages. Further,

the voltage source is a “hard source”, i.e., V;'(k,.) =Vs (NAt), that is not effected by
surrounding currents and voltages.
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Voltage source with parallel RLC load in series

Figure 3 shows the circuit representation, incremental, and discretized incremental
models for a voltage source with parallel RLC elements in series.
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Figure 3 (a) Circuit representation, (b) incremental, and (c) discretized incremental
models of a voltage source with lumped element parallel RLC load in

series.

EE 692 Applied EM- FDTD Method, Dr. Thomas P. Montoya 9/27/2008



ee692_FDTD_1d_trans_line_lecture4.doc Page 6 of 16

Applying KCL to the top right node of Figure 3b yields

ov(z + Az,t)
ot

i(z,t)—1(z + Az,t) —cAz =0.

Applying KCL to the top left node of Figure 3b yields

OVps

: Vog
|(z,t)—%—|LPS—C p =0

where

. 1t )
s (20 == [ Vos (200 +iips (2.1).

Applying KVL clockwise around the outside loop of Figure 3b yields

oi(z,t)

V(z+Az,t) —vs(z,t) + Vs +1AZ =0.

These equations, when discretized (see RLC loads lecture material), re-arranged and
simplified, yield the update equations

1195 (K., +0.5) = 1145 (k,,, +0.5) ﬁv Ak, +0.5)|

c_1
VF?S (ksrc + 05) - %:t 21R V _1(ksrc + 05)
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L +05)= 175k, +o.5)—i[VpAtJ[V“(km L=V (k) ]
Z.\ Az

C

_i(v Al ]VPS (ksrc +05)
Z.\ Az

and
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VK, +1) =V (K, +1) - zc(
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There are two auxiliary equations to update the voltage across the lumped element
capacitor vps and current through the lumped element inductor i ps. Also, the current
update equation has two modifications (when compared to that for a 1D lossless
transmission line) that account for the parallel RLC load in series - an additional term

for Vps and the left-hand voltage V" (k) has been replaced with the discretized source
voltage V{'(k,.). However, the update equation for the voltage is unchanged from
that for a 1D lossless transmission line.

The parallel RLC load in series with the voltage source and the lossless 1D
transmission line is located at z= (k.. +0.5)Az in the FDTD grid. In the FDTD

spatial grid, the voltage source is placed at location z=Kk, Az. In most instances

SIc

k,,=0 and z=0 are selected (source at the beginning of the transmission line).

This allows the update equations to begin with the current and voltage nodes at
spatial indices of k = 1 which is well suited to most programming languages. Further,

the voltage source is a “hard source”, i.e., V;'(k,.) =V (NAt), that is not effected by
surrounding currents and voltages.
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Series RLC transmission line termination

Figure 4 shows the circuit representation, incremental, and discretized incremental
models for a lossless 1D transmission line terminated with series RLC elements.
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Figure 4 (a) Circuit representation, (b) incremental, and (c) discretized incremental
models of a terminating lumped-element series RLC load.

EE 692 Applied EM- FDTD Method, Dr. Thomas P. Montoya 9/27/2008



ee692_FDTD_1d_trans_line_lecture4.doc

Page 9 of 16

Applying KCL to the top right node of Figure 4b (no current at k + 1.5) yields

i(2,0)—caz A2

SP

Applying KVL clockwise around the outside loop of Figure 4b yields

0.

v(z+Az,t)—v(z,t) +1Az 8';’0 =

Applying KVL counterclockwise around the right-hand loop of the circuit of Figure

4b yields
Ip R+ L%Jrvcsp -Vv(z+Az,t)=0

where

Vesp (Z + AZ,1) :éjt:isp(z + AZ,t) Ot + Voo (2 + AZ,Y,)

These equations, when discretized (see RLC loads lecture material), re-arranged and

simplified, yield the update equations

n n- At o
Vesp (K+1) =Vegp 1(k+1)+EISP05(k+1)

L_R 1
16" kD) =| A2 k)| TR [V (kD) Ve (k+1)]
EJFE At 2
1% (k +0.5) = 1"**(k + 0.5) —L(VpAtj[V”(k +1) -V () ||,
Z\ Az

and

v, At v, At

V™ (k+1D)=V"(k+1) + ZC(_j | "% (k +0.5) - ZC(
Az Az

j ISPn+O.5(k +1) .

Note that the update equations contain two intermediate auxiliary variables- one for
the current isp through the terminating series RLC load and one for the voltage across
the lumped capacitor vcsp. The voltage update equation has an additional term (when
compared to that for a 1D lossless transmission line) that accounts for the terminating
series RLC load, and is minus the right-hand current term. Also, the terminating
series RLC load is located at z = (k +1)Az =k ,Az in the FDTD grid.
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Parallel RLC transmission line termination

Figure 5 shows the circuit representation, incremental, and discretized incremental
models for a lossless 1D transmission line with a terminating parallel lumped element
RLC load.

O O
Zo,V, R L g C =

(o O

(a)
i(z,1) i(ztAz, 1) = 0
—

o 211% o}
+ A= +

v(z, 1) cAz=T R Lg\l, C= v(zt+Az, 1)

5 5
> Az <
(b)
1"°°(k+0.5) 1™*°(k+1.5) = 0
—> —>
o——TN °
+ +
Az o™ (k1)

V"(K) cAz=— R L g \l' C= V'(k,=k+1)

o O
le ~
[< Az >
()
Figure 5 (a) Circuit representation, (b) incremental, and (c) discretized incremental
models of a terminating lumped element parallel RLC load.

Applying Kirchoff’s Current Law (KCL) to the top right node of Figure 5b yields
, ov(z+Az,t) _ov(z+Azt) v(z+Azt) .
ot

i(z,t)—cA 1,=0
(z,1) p R Lp

C

where i_p is defined by the integral equation
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i (z+Az,t) =%j: V(Z+AZ,) 0t +i, (2 + Az t,).

Applying Kirchoff’s Voltage Law (KVL) clockwise around the outside loop of
Figure 5b yields

iz _,

v(z+ Az,t) —v(z,t) +1Az

These equations, when discretized (see RLC loads lecture material), re-arranged and
simplified, yield the update equations

1705 (K 40.5) — |”°'5(k—|—0.5)—zi[va—Azt][Vn(k +1) —Vn(k)] )

C

113%°(k +1) = 175.°°(k +1)+%V”(k +1)|,
and
n+1 n \ At n+0.5 v At n+0.5
V™(k+1)=AV (k+1)+AZZC(p JI (knLO.S)—AZZC(ID jILP (k+1)
Az JAVA
where
el )
A - “Laz \2R At
REEH
Az 2R At
and

= v Atl 1 c\|
o )
AZ 2R At
Note that the update equation for the current is unchanged from that for a 1D lossless
transmission line. However, there is now an intermediate auxiliary equation to
update the current through the parallel inductor L. The voltage update equation
(when compared to that for a 1D lossless transmission line) is significantly modified-
an additional term to account for the current through L, coefficients that account for
the parallel resistor R and capacitor C load in parallel, and is missing a term for the

current node beyond the terminating load. Also, the terminating parallel RLC load is
located at z = (k +1)Az =k Az in the FDTD grid.
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Verification of FDTD Update Equations for voltage sources and terminating
RLC Loads

To demonstrate the validity of the derived FDTD update equations voltage sources
and terminating RLC loads, a series of simple transmission line circuits incorporating
all of the types of voltage sources and terminating RLC loads were modeled. The
source voltage and voltage at the input of each transmission line circuit were
examined (see Figures 6 - 11). The time axes were normalized (i.e., t/T) by the one-

way transit time of the transmission line T = £/c.

The FDTD results are compared with numerically derived results. To obtain the
numerically derived results, frequency-domain lossless transmission line theory was
used to obtain the input impedance looking into the transmission line. Then, a simple
equivalent circuit model (i.e., voltage division), the spectrum of the applied voltage,
and an inverse Fourier transform were used to find the input voltage. For these

examples, a time-delayed, unit-amplitude, Gaussian-pulse voltage source was used

COE(t—r Y2 /2
Vs(t)=e 0.5(t-74) /rp’

where 7, is the characteristic time and zy is a time delay.

The RLC element values were arbitrarily selected so that the contribution from each
element type was evident. In the FDTD models, the transmission line (Z¢=50 Q, v, =

2.998 x 10° m/s, £ = 0.04 m), Az = 0.5 mm, T, = 16.732 ps, and S =0.5. The time
delay zywas selected to place the peak of v, (t) at t/T=1.

Figures 6 — 9 show examples of series RLC voltage sources and series RLC
terminating loads. As shown, there is excellent agreement between the analytic and
FDTD results. Figures 10 — 11 show examples of parallel RLC voltage sources and
parallel RLC terminating loads. As shown, there is good agreement between the
analytic and FDTD results.
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Figure 6 Source voltage, vs(t), and input voltage, V(0, t), for a transmission line
circuit consisting of a matched voltage source, a lossless transmission line
section, and a mismatched resistive terminating load.
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Figure 7 Source voltage, vs(t), and input voltage, V(0, t), for a transmission line
circuit consisting of a series RC voltage source, a lossless transmission line
section, and a matched resistive terminating load.

EE 692 Applied EM- FDTD Method, Dr. Thomas P. Montoya 9/27/2008



ee692_FDTD_1d_trans_line_lecture4.doc Page 15 of 16
Lr FDTD 1
+ =« = Analytic
0s | 500 |} C ; |
+
150 Q
S Z.=50Q,v.=c¢c
S o6} vs (1) v, Z V= 10nH -
~—~~ _ 2pF
= T
+~ 04} |
(@)
1
N
~ 02F 4
>
m
0 \/ T
0.2 L . . ,
0 1 2 3 4 5 6
t/T

Figure 8 Source voltage, vs(t), and input voltage, V(0, t), for a transmission line
circuit consisting of a matched voltage source, a lossless transmission line
section, and a series RLC terminating load.
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Figure 9 Source voltage, vs(t), and input voltage, V(0, t), for a transmission line
circuit consisting of a series RLC voltage source, a lossless transmission
line section, and a mismatched resistive terminating load.
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Figure 10 Source voltage, vs(t), and input voltage, V(0, t), for a transmission line
circuit consisting of a parallel RLC voltage source, a lossless transmission
line section, and a matched resistive terminating load.
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Figure 11 Source voltage, vs(t), and input voltage, V(0, t), for a transmission line
circuit consisting of a matched voltage source, a lossless transmission line
section, and a parallel RLC terminating load.
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