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EE692 Applied EM- FDTD Method
One-Dimensional Transmission Lines Notes- Lecture 3

FDTD Modeling of Parallel/Series RLC Loads in Parallel and Series

As a another step toward modeling transmission line circuits beyond individual lumped
elements [1], this lecture will present the FDTD update equations necessary to
implement parallel or series RLC loads placed in parallel or series with the
transmission line [2-3]. Figure 1 shows the parallel or series RLC loads placed in
parallel (left) and series (right) in an incremental section of the 1-D transmission line.
These RLC loads are located at some arbitrary point in the transmission line. Later,
they will be used as part of a voltage source or as a terminating loads. Some results
will be shown to demonstrate the accuracy and validity of the update equations by

comparison with analytic results.
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Figure 1 Incremental section of lossless 1D transmission line with parallel or series
RLC loads in a) parallel and b) series.
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Parallel RLC Load in Parallel

To begin, a circuit model for an incremental section (Az) of lossless transmission line
with a parallel lumped element RLC load in parallel is shown in Figure 2a. Figure 2b
shows this incremental section after making the FDTD discretizations. In Figure 2, |
and c are the inductance and capacitance per unit length, respectively, and R, L, and C

are the lumped resistor, inductor, and capacitor respectively.
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Figure 2 (a) Incremental and (b) discretized incremental section of a lossless 1D
transmission line with a lumped element parallel RLC load in parallel.

Applying Kirchoff’s Current Law (KCL) to the top right node of Figure 2a yields

ov(z+Az,t) C ov(z+Az,t) V(Z+Az}) ~i —o
8’[ R LP —

I(z,t)—i(z+ Az,t)—CcAz

where i p is defined by the integral equation
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Ip(Z+AZ,t)= %J‘: V(z+AzZ,t)ot +1,(2+Az,t)) .

Applying Kirchoff’s Voltage Law (KVL) clockwise around the outside loop yields

0i(Z,1) 0

V(Z+Az,t)—v(z,t)+1Az
To save time, the intermediate step of letting Az—0 and finding the derivatives with
respect to z will be skipped. Instead, we will directly discretize the KCL and parallel
inductor current equations about position z =(k +1)Az and time t =(n+0.5)At to get

17705 (K +0.5) — 105 (k +1'5)_(CAZ+CP )|:\/n+1(k +1)-V"(k +1):|

At

n+0.5
VETKRED sy =
R
and
|05 1) = LL[V "(k + 1)At] Pk

p

Again, a problem arises with the term dealing with the current through the parallel

resistor R. Specifically, the voltage across R is needed at time t = (n + 0.5)At, a point

not included in the temporal grid. To approximate this voltage, the simple average

V™K +1)+V"(k +1)

Vn+0.5(k +1)% 2
is used yielding
n+l1 n
n+l1 n
{v (k+1;;v (k+1)}_|$0.5(k+1):0

The KVL equation is discretized about position z = (k 4+ 0.5)Az and time t =nAt, to
get

VI D -V (k) + m{ k0ol *0'5)} 0.
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These equations, when re-arranged and simplified, yield the update equations

1 (v At
1" (k4 0.5) = 1"""(k 4 0.5) — —| -2
( ) ( ) RN

C

][V”(k+1)—vn(k)}

If;0~5(k+1):IC;O'S(k+1)+%V”(k+1) ,
and
V™ (k+1)= AV "(k+1)— AZZC(VPAMJ[I "3k +1.5) = 1™ (k+0.5) |
Z
Az
Az
where
]
A- “Laz \2R At
v, At 1 C
()
AZ 2R At
and

A= vAtY 1 C
1+Z.] -2 —+—
AZ 2R At

: . /I : 1
Again, define the characteristic impedance Z; =,[—, phase velocity v, :T, and
C C

v . 1
P This implies | = Ze and ¢ =——— Note that the

Az v, V,Zc

Courant stability factor S =

update equation for the current is unchanged from that for a 1D lossless transmission
line. However, there is now an intermediate auxiliary equation to update the current
through the parallel inductor L, and the voltage update equation has an additional term
(when compared to that for a 1D lossless transmission line) and coefficients that
account for the parallel RLC load in parallel with the lossless transmission line. Also,
the parallel RLC load in parallel is located at z = (k +1)Az in the FDTD grid.
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Series RLC Load in Parallel

Next, a circuit model for an incremental section (Az) of lossless transmission line with
a series lumped element RLC load in parallel is shown in Figure 3a. Figure 3b shows

this incremental section after making the FDTD discretizations.
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Figure 3 (a) Incremental and (b) discretized incremental section of lossless 1D
transmission line with lumped element series RLC load in parallel.

Applying KCL to the top right node of Figure 3a yields

oV(Z+Az,t) .
ot

I(z,t)—i(z+ Az,t) —CcAz I =0 .

Applying KVL clockwise around the outside loop of Figure 3a yields

oi(z,t) 0
p :

V(Z+Az,t)—v(z,t)+1Az
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Applying KVL counterclockwise around the right-hand loop of the circuit of Figure 3
yields

. Olgp

Ip R+ LE +Vegp —V(Z+AZ,1)=0
where

Vesp (Z + AZ,t) = éj; Isp(Z + AZ,1) Ot + Vo (2 + AZLL)) .

To save time, the intermediate step of letting Az—0 and finding the derivatives with
respect to zZ will be skipped. Instead, we will directly discretize the KCL equation
about position Z =(k +1)Az and time t =(n+ 0.5)At to get

V™K +1) =V (K +1)
At

170 (k +0.5) — 1" (k +1.5)—CAZ{ } 16" (k+1)=0.

The KVL equation about the outer loop is discretized about position z=(k 4+ 0.5)Az
and time t = nAt, to get

V“(k+1)—vn(k)+|Az{'MO'S(“O'S)_'n0'5(k+0'5)}=o.

At

The KVL equation about the righthand loop and the capacitor voltage equation are
discretized about position z = (k +1)Az and time t = nAt, to get

1205k +1) = 15°% (K +1)
At

Il (K+ DR+ L{ }+VC”SP(k+1)—V”(k+1)=O

and

Vo (k+1)= é[l H°(k+ DAL |+ VS (k+1).

A problem arises with the term dealing with the current isp being needed at integer as
well as half-integer time steps in the temporal grid. To resolve this issue, the simple

average

n+0.5 n—o0s5
10k + 1yt K +1)42r 1525 (k+1)

is used yielding
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|

1205 (K +1)+ 1555 (k +1)} . L{ 1205 (K +1) = 155 (k +1)

> At }-l_vc?SP(k +1) .

V'K+1)=0

These equations, when re-arranged and simplified, yield the update equations

and

n - At o
Vesp (K+1)=Vegp 1(k'*‘D“‘EISPOS(k"‘l)

L_R 1

I (k1) =| QL2 1 (k1) + L R V(K1) =V (k+ D
7+7
ot At 2

13k +0.5) = 1"k +0.5) —ZL(VPAAtj[V“(k +1) —V“(k)] ,
Z

C

VK 1) =V (K +1) - zc(vpm
Az

)[I "k +1.5) = 1" (k +0.5) |

—zc(_"pmj " (k +1)
Az

Note that the current update equation is unchanged when compared to that for a 1D

lossless transmission line. However, now two intermediate auxiliary variables and
equations are needed. One for the current through the series RLC load (lsp), and one
for the voltage across the lumped capacitor in the series RLC load (Vcsp). Further, the
voltage update equation has an additional term (when compared to that for a 1D
lossless transmission line) that accounts for the series RLC load in parallel. Also, the
series RLC load in parallel is located at z = (k +1)Az in the FDTD grid.
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Series RLC Load in Series

Figure 4a shows a circuit model for an incremental section (Az) of lossless
transmission line with a series lumped element RLC load in series. Figure 4b shows
this incremental section after making the FDTD discretizations.
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Figure 4 (a) Incremental and (b) discretized incremental section of lossless 1D
transmission line with lumped element series RLC load in series.

Applying KCL to the top right node of Figure 4a yields

ovV(Z+Az,t)
ot

I(z,t)—1(z + Az,t) — CAz 0.

Applying KVL clockwise around the outside loop of Figure 4a yields

di(z,t) diz.) _,
ot

v(z+Az,t)-v(z,t)+Ri(z,t)+ L + Vg +1AZ
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where

I gt
Ves (2,1) = ELO i(Z,1)0t + Voo (2,1,)

To save time, the intermediate step of letting Az—0 and finding the derivatives with
respect to z will be skipped. Instead, we will directly discretize the KCL equation
about position zZ=(k +1)Az and time t =(n+ 0.5)At to get

V™ (k+1)-V"(k +1)} o

1™ (k +0.5) = 1™ (k +1.5)—CAZ{ v

The KVL and series capacitor equations are discretized about position
z=(k+0.5)Az and time t = nAt, to get

At

1"k +0.5)— 1"*(k+0.5) | 0
At

Vi(k+1)-V"(K)+RI1"(k+0.5)+ L{ "™ (k+0.5) 1" (k +0.5)}

+Ves(k +0.5) + |AZ|:

and

VIS (k +0.5) = é@ (K +0.5)At |+ V& (k+0.5).

In the KVL equation, a problem arises with the term dealing with the voltage drop
across the series resistor R. Specifically, the current through R is needed at time

= nAt, a point not included in the temporal grid. To approximate this voltage, the

simple average

1" (kK +0.5) 4+ 1" (k +0.5)

1"(k +0.5) ~ 5

is used yielding

V(K +1) -V (k) + R{ 1" (k+0.5)+1""(k +0.5)}

2

n+0.5 | n-05 '
+(L+|AZ){I (k+0.5)AtI (k+0'5)}+vcsn(k+0.5)=0
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These equations, when re-arranged and simplified, yield the update equations

Vo "(k+0.5) =V " (k +0.5) + % 1"k +0.5)

1" (k +0.5)=B, 1" (k +0.5) - Bzi(vp—M)[V”(k +1) —V"(k)]
Z.\ Az
1 (v At . ’
B, —| 2~ V.."(k+0.5
ZZC( AZ j CS ( )
and
n+1 _\/N v, At n+0.5 n+0.5
V™ (k+1)=V"(k+1)-Z, pA (173K +1.5) = 1™ (k +0.5) |
Z
where
SN
B — Z.\ Az 2 At
L 1(v Atj(R Lj
I+—|-° — 4 —
Z.\ Az 2 At
and

1

1 (v, At)(R L\’
I+—| -2 —+—
Z.\ Az 2 At

Note, there 1s now an auxiliary equation to update the voltage across the series lumped

B, =

capacitor Vcs. Further, the current update equation has an additional term and
coefficients (when compared to that for a 1D lossless transmission line) that account
for the series RLC load in series. Note that the update equation for the voltage is
unchanged from that for a 1D lossless transmission line. Also, the series RLC load in
series with the lossless transmission line is located at z=(k 4+ 0.5)Az in the FDTD

grid.
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Parallel RLC Load in Series

Figure 5a shows a circuit model for an incremental section (Az) of lossless
transmission line with a parallel lumped element RLC load in series.  Figure 5b
shows this incremental section after making the FDTD discretizations.

R
A
i(z,t L i(z+ Azt
o— 20 Lty
+ iLPs_> IAz +
7
v(z,b) + V“ - cAz == vz +Az, 1)
PS
o : o
[« Az S
(a)
R
In+0A5(k+0.5) V ¥ ‘ In+0.5(k+1'5)
o 00 ——000 >—¢ o
+ —> Az +
lips ™ (k+0.5)
V'(K) I% cAzzm VkH)
+V,'(k+0.5) =
o : °
| Az »|
(b)

Figure 5 (a) Incremental and (b) discretized incremental section of a lossless 1D
transmission line with a lumped element parallel RLC load in series.

Applying KCL to the top right node of Figure 5a yields

ov(z+Azt)

I(z,t) —i(z+Az,t)—cAz 0.

Applying KCL to the top left node of Figure 5a yields
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OVps

: Vog
|(z,t)—%5—|LPS—C =0

where

. It .
|Lps(z,t):Ijtovps(z,t)atJr|Lps(z,t0) .

Applying KVL clockwise around the outside loop of Figure 5a yields
oi(z,t)

V(Z+ Az,t) —Vv(zZ,1) + Ve +1AZ 0.

To save time, the intermediate step of letting Az—0 and finding the derivatives with
respect to Z will be skipped. Instead, we will first directly discretize the KCL equation
at the top right node about position z =(k +1)Az and time t =(n+ 0.5)At to get

V“+‘(k+1)—vn(k+1)}0

1™ (k +0.5)— 1™ (k +1.5)—CAZ{ v

Next, the KCL equation at the top left node and the equation for the current through
the inductor are discretized about position z=(k +0.5)Az and time t=(n—0.5)At to

get

1795 (K £0.5) - Vs (k +0.5)
' R

n _ n-1
1Rk +0.5) - C {vps(k +0.5) =V, 2" (k + 0.5)} o

At
and

1m95(k +0.5) = %[v;sl(k +0.5)At |+ 174* (k+0.5) .

A problem arises with the term dealing with the voltage Vps being needed at integer as

well as half-integer time steps in the temporal grid. To resolve this issue, the simple

average
\V n_O'S(k + 05) ~ VPnS (k + 05) +VPnsil(k + 05)
PS 2
is used yielding
RVAL n-1 7
105k +0.5) | Yes K+ 0'5);:/% K+0-5) o054 0.5)
. Vs (K+0.5) -Vt (k+0.5) | 0
At
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Then, the KVL equation about the outer loop is discretized about position

z=(k+0.5)Az and time t = nAt, to

V"(k +1)—V“(k)+VP”s(k+0.5)+IAZ{

get

1™k +0.5) = 1" (k +0.5)
At

}:0.

These equations, when re-arranged and simplified, yield the update equations

n
ILP

S (k+0.5)= 157 (k+0.5)+ %Vpnsl(k +0.5)].

c_1
Vi (k+0.5)=| 228
7_'_7
At 2R

Ves'(k+0.5)+| T

L

T [[1"°(k+0.5) = [ (k +0.5)]

At 2R

1

Ze

vat

(%

1795 (K 10.5) = 1™*5(k +0.5) — ——

jv;s(k +0.5)

vat

Z(Az

C

j[vn(kﬂ)—vn(k)]

and

V™ (k +1):V”(k+1)—ZC(
Az

v, At

j[l "3 (k+1.5) = 1" (k+0.5) ||

Note that there are now two auxiliary equations to update the voltage across the

lumped element capacitor Vps and current through the lumped element inductor ijps.

Also, the update equation for the current has an additional term (when compared to

that for a 1D lossless transmission line) that accounts for the parallel lumped element

RLC load in series. However, the update equation for the voltage is unchanged from

that for a 1D lossless transmission line. Also, the parallel RLC load in series with the
lossless transmission line is located at z = (k 4+ 0.5)Az in the FDTD grid.
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Verification of FDTD Update Equations for RLC Loads

To demonstrate the validity of the derived FDTD update equations for these RLC
loads, a voltage pulse is launched on a long section of 1D lossless transmission line

containing each type of the RLC loads (see Figs. 8ab). The voltage reflected from
each type of load is then examined. The FDTD results are compared with analytically
derived results. For the analytic results, the 1D lossless transmission line is terminated
in its characteristic impedance Z¢ after the loads (see Fig. 8cd).

Analytically, the time-domain reflected voltage V,.(t) was found by taking the inverse
Fourier transform of the product of the spectrum of the incident voltage and the
reflection coefficient looking in at the RLC loads. The reflection coefficient is defined
as
— Zin — Zc
"z +Z,
where Zi, = Zioaa Zc /(Zioaa + Zc) for a parallel or series RLC load, with impedance Zjqqq,
in parallel and Z;, = Z,,,q4 + Z¢ for the RLC loads in series. A unit-amplitude, Gaussian-

pulse, incident voltage pulse was used

_ 22
VG(t)Ze 0.5(t-7¢4)"/7p

where 7, 1s the characteristic time and 7y 1s a time delay.

The analytic results used for comparison were obtained in the following manner:

1) The input Gaussian pulse Vg (t) is calculated in the time-domain for a period
0<t=nAt <507, where the step-size At is relatively small.
2) The discrete Fourier transform V, (@, ) of V(1) i1s computed.

3) At each discrete frequency o, , the impedances of the capacitor Z.(®,), inductor
Z (w,), and overall impedance Z._(w,)of the parallel or series RLC load are
calculated. This is used to calculate the input impedance Z, (@,) and reflection
coefficient I', (®,) .

4) The  frequency-domain reflected voltage is then calculated as
Vi (@) =T, (0)V; (@) .

5) Finally, an imverse discrete Fourier transform of V_ (@) is performed to obtain
V. ().
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Figure 8 Transmission line circuits modeled using FDTD method for loads in (a)
parallel and (b) series, and equivalent transmission line circuits used
analytic results for loads in (c) parallel and (d) series.

Figures 9 - 12 show examples of the voltages reflected from each type of load. The
RLC element values were arbitrarily selected for each type of load so that the
contribution from each element type was evident. In the FDTD models, the
transmission line (Z¢ = 50 €, v, = 2.998 x 10® m/s) is driven by a one-way voltage
source injector and terminated at each end by an absorbing boundary condition
(discussed later), Az = 0.76 mm, t,= 16.732 ps, 7g=617, and S=0.5. As shown, there
is excellent agreement between the analytic and FDTD results.
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Figure 9 Reflected voltage from a transmission line with a parallel RLC load placed in
parallel for Gaussian pulse excitation.
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Figure 10 Reflected voltage from a transmission line with a series RLC load placed in
parallel for Gaussian pulse excitation.
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Figure 11 Reflected voltage from a transmission line with a series RLC load placed in
series for Gaussian pulse excitation.
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Figure 12 Reflected voltage from a transmission line with a parallel RLC load placed
in series for Gaussian pulse excitation.
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