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EE692 Applied EM- FDTD Method
One-Dimensional Transmission Lines Notes- Lecture 2

FDTD Modeling of Lumped Parallel/Series L oads

The FDTD model for the one-dimensional (1D) lossless transmission line [1] will
now be extended to include single passive lumped elements (e.g., capacitors,
inductors, and resistors) placed in parallel or series with the 1D transmission line

[2]. Later, the model will be extended to parallel or series RLC loads.

Parallel Inductor

To begin, a circuit model for an incremental section (Az) of lossless transmission
line with a lumped element inductor L, in parallel is shown in Figure 1. In Fig. 1, |
and c are the inductance per unit length and the capacitance per unit length.

i(2,1) i(z+Az, )
> O
+ [Az I, +
Vv(z,1) L, cAz ==  W(ztAz, 1)
o 0

- . |

Figure 1 Incremental section of a lossless 1D transmission line with a lumped
element inductor L in parallel.

Applying Kirchoff’s Current Law (KCL) to the top right node of Fig. 1 yields
ov(z+Azt)
ot

where the current through the parallel inductor iy p is defined by

I(z,t)—1(z+ Az,t) —CAz Ip(Z+Az,t)=0

Ip(Z+AZ,t)= LL.[: V(Z+AZ,t)0t+1,(Z+Az,t)) .
p 0

Applying Kirchoff’s Voltage Law (KVL) clockwise around the outside loop yields
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V(Z+Az,t)—v(z,t)+ |AZ% =0.

Rearranging these equations, letting Az — 0, and applying the definition of the

derivative, yields

_0i(L,Y) . ov(z,t) n Ip(Z,1) ’
0z ot AZ

: I ¢t .
ILP(Z’t) = L_jtov(z,t)at + ILP(ZatO):
p

and

_ov(zY) | 0i(z,1)
oz ot

respectively. This step of finding analytic differential equations is optional.

A discretized incremental section of a 1D lossless transmission line with a lumped

element inductor L, in parallel is shown in Figure 2.

I n+0.5(k+0.5) I n+045(k+1 .5)
— —
o————000> O
+ [AZ ILPn+O.5(k+1) —+
F
V'(K) L oAz ;:V”(k+1)

O
> = g
Figure 2 Discretized incremental section of a lossless transmission line with a
discrete lumped inductor in parallel.
Note that the parallel inductor Lp is placed at the same spatial coordinates, i.e.,
z=(k +1)Az, as the voltage node V"(k +1) upon which the current through this

parallel inductor depends. However, this current is put at the same time step as the
current nodes due to the Euler’s method integral approximation (discussed later)

and for clarity as to the order of the update equations.
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Discretize the KCL and parallel inductor current equations about position

z=(k +1)Az and time t=(n+ 0.5)At, to get

V*(k+1D)—=V"(k+1)
At

1793 (k +0.5)— 1" (K +1.5)— Az —1" (k4D =0

and

II_Pn+0.5(k F1)= LL[V "(k + 1)A'[:| + ||_Pn‘0-5(k +1) .

p

Note that the integral is for the current through the parallel inductor Lp is
approximated using Euler’s method, i.e., add up the area of rectangles with a
height equal to the value of the voltage a half step back in time and width of At.

For example, when using Euler’s method, the general integral
FO=[ fmat=[ fma+["fmot=[ fmot+F,)

is approximated at t =(n+0.5)At as

n ) n-1
FU 082> flat=frAt+) f'At=f At+F""

i~0 i~0
when standard FDTD notation is used as shown in Figure 3. The primary reason
for using this numerical integration technique is stability, i.e., no future values of

the variable being integrated are needed.

A (1) Integral ( F ")
evaluated here
fro
f fl\/>/-
f e
fo /\/L-\/
/
L] [ e AE e [ ] e
| 1 | | 1 | | )
0 At 2At 3At nAt t
. e} >
01 2 3 n-lInn+l gy =¢/At

Figure 3 Illustration of Euler’s numerical integration method
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The KVL equation is identical to the 1D lossless transmission line case.
Discretizing about position z=(k +0.5)Az and time t=nAt, using the same

derivative approximations, grid, and notation used for the lossless 1D transmission

line, yields

V”(k4-n-vn(k)+|Az{'n“w(k+415)_'n(M(k+415)}=().

At

Re-arranging and solving each of the three discretized equations for the variable
most advanced in time yields the update equations

|““w+0$:r”%k+0$—§{€§1W%k+n—v%m}

C

150+ = 15D+ 2 e

p

and

At
Vn+l(k+1):Vn(k+1)—ZC[VpA—Z][In+OS(k+15)_In+05(k+05)}

VALY
Sy et

: C e | : 1
Again, define the characteristic impedance Z. = \/j , phase velocity v, :T,
C c

\"
P This implies |:£ and c= 1 . Note

AZ Vp Vp ZC

and Courant stability factor S =

that the update equation for the current is unchanged from that for a 1D lossless
transmission line. However, there is now an intermediate auxiliary equation to
update the current through the parallel inductor Lp, and the voltage update equation
has an additional term (when compared to that for a 1D lossless transmission line)
that accounts for this current.
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Series Inductor

Next, a circuit model for an incremental section (Az) of lossless transmission line
with a lumped element inductor Ls in series is shown in Figure 4a. Figure 4b
shows an incremental section of this lossless transmission line after making the
FDTD discretizations.

i(,1) i+az)
+ L, IAz +
v(z,1) cAz == Wz+Az, )

I " |

(a)
I n+0.5(k+0-5) I n+0.5(k+1 5)
_— _—
o——— 000 —"000 o)
+ L, IAz +
V'(k) cAz == V'(k+1)

o o
« A >
®)

Figure 4 (a) Incremental and (b) discretized incremental section of a lossless 1D
transmission line with lumped element inductor Ls in series.
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Applying KCL to the top right node of Fig. 4a yields

ov(Z+Az,t)

I(z,t)—1(z+ Az,t)—CcAz 0.

Applying KVL clockwise around the outside loop of Fig. 4a yields

V(Z+Az,t)—v(z,t) + L %Jr |AZ%:

0.
To save time, the intermediate step of letting Az—0 and finding the derivatives
with respect to z will be skipped. Instead, we will directly discretize the KCL
equation about position zZ=(k +1)Az and time t =(n+ 0.5)At to get
V™K +1)=V"(k+1) 0
At ’

105 (K +0.5) — I ™5 (k +1.5) — CAZ{

and discretize the KVL equation about position z=(k+0.5)Az and time
t=nAt, to get

VI (k+1) =V (K) + (L + IAz){ 1705 (K +-0.5) — 1" (k +o.5)} o

At

These equations, when re-arranged and simplified, yield the update equations

1" (k +0.5) = 1"""(k + 0.5) —Zi,

C

[VpAAt][V”(k+l)—V”(k)]

VA

and

v At
V"™ k+1)=V"k+1)—2Z.|-2
( ) ( ) C[AZ

1%k +1.5) = 1" (k 4 0.5)|.

Note that in the update equation for the current, the effect of the series inductor Lg
is to modify/replace the characteristic impedance Z¢ with

Lsv,
NZ

2. =7, +

while the voltage update equation is unchanged from that for a 1D lossless
transmission line. Note, the series inductor Ls is located at z=(k + 0.5)Az in the

FDTD grid.
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Parallel Capacitor

Figure 5a shows a circuit model for an incremental section (Az) of lossless
transmission line with a lumped element capacitor Cp in parallel. Figure 5b shows

an incremental section of this lossless transmission line after making the FDTD

discretizations.
i(z,1) i(z+Az, 1)
> O
+ IAz +
v(z,1) C,m= cAz== V(ztAz1)
o o
< Az -
(a)
I n+0.5(k+0-5) I n+0.5(k+1 '5)
o———000 o)
+ IAz +
Vi(k) C= cAz== V'(k+D)
o o
Az
(b)

Figure 5 (a) Incremental and (b) discretized incremental section of a lossless 1D
transmission line with a lumped element capacitor Cp in parallel.
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Applying KCL to the top right node of Fig. 5a yields

I(z,t)—1(z+ Az,t)—CcAz vz+Azl) C, V(z+AzY) =0.
ot ot
Applying KVL clockwise around the outside loop of Fig. 5a yields
oi(z,t)

V(Z+Az,t)—v(z,t)+ |AZT 0.

To save time, the intermediate step of letting Az—0 and finding the derivatives
with respect to z will be skipped. Instead, we will directly discretize the KCL
equation about position Z=(k +1)Az and time t =(n+ 0.5)At to get
V™K +1)-V"(k+1) _0
At ’

1™k +0.5) = 1™ (k +1.5) - (cAz +C, ){

and discretize the KVL equation about position z=(k+0.5)Az and time
t=nAt, to get

V(K +1) =V " (k) + IAZ{ "k +0.5) = 1" (k +O'5)} 0.

At

These equations, when re-arranged and simplified, yield the update equations

C

1" (k +0.5) = 1" (k 4 0.5) — ZL[VF’AA;][V "(k+1)=V"(K)]

and

i i v At
V™ (k+1)=V (k+1)—Zé’[ pAz

][l MK+ 1.5) — 1Mk +0.5))|.

Note that in the update equation for the voltage, the effect of the discrete parallel
capacitor Cp is to modify/replace the characteristic impedance Z¢ with

//: ZC
© 1+Cyv,Z /A2

while the current update equation is unchanged from that for a 1D lossless
transmission line. Note, the parallel capacitor Cp is located at z=(k +1)Az in the

FDTD grid.
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Series Capacitor

Figure 6a shows a circuit model for an incremental section (Az) of lossless
transmission line with a lumped element capacitor Cs in series. Figure 6b shows
this incremental section after making FDTD discretizations.

i(z,t) *Ves— i(z+Az, 1)
o——{(——T00 0
+ C, IAz +
v(z,1) Az == W(z+Az, 1)
o o
<« A >
(a)
I n+0.5(k+0.5) Vcsn(k+05) I n+0.5(k+1 5)
—_— + - _—
O {——T00 O
+ C. IAz +
V'(K) cAz =< V"(k+1)
o o
<« AZ >
(b)

Figure 6 (a) Incremental and (b) discretized incremental section of lossless 1D
transmission line with lumped element capacitor Cs in series.

Applying KCL to the top right node of Fig. 6a yields

I(z,t)—1(z+Az,t)—CcAz Mz+AzY =0.
ot
Applying KVL clockwise around the outside loop of Fig. 6a yields

V(Z+Az,t) —Vv(zZ,t) + V. (Z,0) + |AZ% =0
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where the voltage across the series capacitor Vg is defined by the integral equation
1 pt.
Veg(z,1) = C_Sjto i(Z,1) 0t + Vg (2,1,) .

To save time, the intermediate step of letting Az—0 and finding the derivatives
with respect to z will be skipped. Instead, we will directly discretize the KCL
equation about position Z = (K +1)Az and time t =(n+ 0.5)At to get

V™ (k+1)=V"(k+1) 0
At ’

1™k +0.5) = 1™ (k +1.5) - CAZ{

and discretize the KVL and voltage across the series capacitor equations about
position z = (k 4+ 0.5)Az and time t = nAt, to get

1™05(K +0.5)— 1" (k + 0.5)} o

V”(k+1)—V“(k)+VCf‘S(k+O.5)+IAZ{ v

and

V(K 40.5)= Ci[l "Ik +0.5) AL+ V(K +0.5).
S

These equations, when re-arranged and simplified, yield the update equations

V& (k+0.5) =V (k+0.5)+ [%] 1™ (k 4-0.5)

S

At

105 (k +0.5) = 1" (k + 0.5) —i[vp—][V”(k +1)=V" (k)]
Z.| Az

1 (V,At) ’
—— | =V (k4 0.5
L2, s

and

v At
V"™ Kk +1)=V"k+1)—2Z.|-2
( ) ( )—Zc Az

][l MK+ 1.5) — 1" (k4 0.5))|.

Note that there is now an auxiliary equation to update the voltage across the series
capacitor Cs. Also, the update equation for the current has an additional term (when
compared to that for a 1D lossless transmission line) that accounts for Cs while the
voltage update equation is unchanged from that for a 1D lossless transmission line.
Note Cs is located at z=(k 4 0.5)Az in the FDTD grid.
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Parallel Resistor

Figure 7a shows a circuit model for an incremental section (Az) of lossless
transmission line with a lumped element resistor Rp in parallel. Figure 7b shows
the incremental section after making FDTD discretizations.

I(z,1) i(z+Az,©)
+ Az +
V(z,1) R, cAz==  W(z+Az, 1)
o o
> bz >
(a)
I n+0.5(k+0.5) I n+0.5(k+1 5)
— —_—
o——— 000 O
+ IAz +
V"(K) R, cAz==  V'(k+1)
o o
[« = >
(b)

Figure 7 (a) Incremental and (b) discretized incremental section of a lossless 1D
transmission line with a lumped element resistor Rp in parallel.

Applying KCL to the top right node of Fig. 7a yields
V(Z+Az,t) V(Z+AzZY) _

1(z,t)—1(z +Az,t) —CAz 0.
(z,5) —1( ) pn R
Applying KVL clockwise around the outside loop of Fig. 7b yields
V(Z+Az,t)—Vv(z,t)+ 1Az al(;t’t) =0 .
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To save time, the intermediate step of letting Az—0 and finding the derivatives
with respect to z will be skipped. Instead, we will directly discretize the KCL
equation about position Z =(k +1)Az and time t =(n+ 0.5)At to get

V”“(k+1)—V”(k+l)}_V”+°'5(k+l) o

At R,

1™ (K +0.5)— 1™ (k +1.5) - CAZ{
A problem arises with the term dealing with the current through Rp (last term).
Specifically, the voltage across the parallel resistor Rp is needed at time

t=(n+0.5)At, a point not included in the temporal grid. To approximate this
voltage, the simple average

V™K +1)+V"(k +1)
2

Vn+0.5(k +1) ~

is used yielding

n+1 n
1705 (k +0.5) — 1™ (k +1.5) — cAZ {V (kD) =V(k+ 1)}

At
Vk+D+V (k+D)
2R,

0

The KVL equation is discretized about position z=(k+0.5)Az and time
t=nAt, to get

V“(k+1)—V“(k)+|Az{'M'S(“O'S)_'n0'5(k+0'5)}=o.

At

These equations, when re-arranged and simplified, yield the update equations

0.5 n—0.5 1 VAt n n
1" (k +0.5) = | -(k+0.5)—z—[ pAZ J[v (k+1)=V"(K)]

and
VK 1) = el 22 ) lynkry—|,  z, (VA
7 (v At 1+ =S |2
14 =¢ |2 — 2R, | Az
2R Az
v, At
X p—][l "3k +1.5) = 1" (k 40.5)]
Az
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Note that the current update equation is unchanged from that for a 1D lossless

transmission line. In the update equation for the voltage, note that there is now a

damping coefficient (i.e., value is between 0 and 1) acting on the old value of the

voltage. Also, in this equation, the contribution from the current terms is reduced
(Zc is effectively reduced). Note Rp is located at z = (k +1)Az in the FDTD grid.

Series Resistor

Lastly, Figure 8a shows a circuit model for an incremental section (Az) of lossless

transmission line with a lumped element resistor Rs in series. Figure 8b shows the

incremental section after making FDTD discretizations.

i(z,t) i(ztAz, 1)
o——AANAN—000 0
+ R, IAz +
V(z,1) cAz == W(z+Az, 1)
o o
-« A >
(a)
I n+045(k+0.5) I n+045(k+1 .5)
_— —
o——AANN—O o)
+ R, Az +
V"(K) cAz == V'(k+1)
o o
[ = >
(b)

Figure 8 (a) Incremental and (b) discretized incremental section of a lossless 1D
transmission line with a lumped element resistor Rg in series.

EE 692 Applied EM- FDTD Method, Dr. Thomas P. Montoya

9/23/2008



ee692 FDTD 1d trans line lecture2.doc Page 14 of 19

Applying KCL to the top right node of Fig. 8a yields

I(z,t)—1(z+Az,t)—CcAz Mz +AzY =0.
ot
Applying KVL clockwise around the outside loop of Fig. 8a yields
oi(z,t)

V(Z+Az,t)—v(z,t)+ Ri(z,t) + |AZT 0.

To save time, the intermediate step of letting Az—0 and finding the derivatives
with respect to z will be skipped. Instead, we will directly discretize the KCL
equation about position Z=(k +1)Az and time t =(n+ 0.5)At to get

V™ (k+1)-V"(k +1)} o

™93 (k +0.5) = 1™*°(k +1.5) — cAz
( ) ( ) { AT

and discretize the KVL equation about position z=(k+0.5)Az and time
t=nAt, to get

n+0.5 __ [ "-05
V”(k+1)—V“(k)+RSI”(k+O.5)+IAz{I (k+0'5)At' (k+0'5)}:o.

A problem arises with the term dealing with the voltage drop across the series
resistor Rs. Specifically, the current through Rs is needed at time t = nAt, a point

not included in the temporal grid. To approximate this current, the simple average
1" (k 4 0.5) + 1" (k + 0.5)

1"(k +0.5) ~
(k+0.5) 5
is used yielding
n+0.5 n-0.5
V“(k+1)—vn(k)+R{' (k+o.5);| (k+0.5)}
n+0.5 __n-05
+IA{| (k+o.5)At| (k+0.5)}20

These equations, when re-arranged and simplified, yield the update equations
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I_Rs[vpﬁt] |
1" (k +0.5) = 22c| Az 1" (k 4 0.5) — R. [V,AL) |-
R. (v, At 1+—=|-t—
1+-——S | P 2Z.| Az ¢
27| Az
v, At
x| 2—|[V"(k +1) =V "(k
o ][ (k+1)=V"(K)]

and

At
Vn+l(k+1):Vn(k_|_1)_ZC[VDA_Z][IH+05(k+15)_In+05(k+05)] .

In the update equation for the current, note that there is now a damping coefficient
(i.e., value is between 0 and 1) acting on the old value of the current. Also, in this
equation, the contribution from the voltage terms is reduced (Zc is effectively
increased). Note that the voltage update equation is unchanged from that for a 1D
lossless transmission line. Note, Rs is located at z=(k 4+ 0.5)Az in the FDTD

grid.

Verification of FDTD Update Equations for Lumped Elements

To demonstrate the validity of the derived FDTD update equations, a voltage pulse
is launched on a long section of 1D lossless transmission line containing each type
of the lumped elements/loads (see Figs. 9ab). The voltage reflected from each type
of load is then examined. The FDTD results are compared with analytically
derived results. For the analytic results, the 1D lossless transmission line is
terminated in its characteristic impedance Z¢ after the loads (see Fig. 9cd).

The time-domain reflected voltage V..{t) is analytically derived by taking the
inverse Fourier transform of the product of the spectrum of the incident voltage
and the reflection coefficient looking in at the loads. The reflection coefficient is
defined as
— Zin — Zc

"z + 2,
where Zi, =Zpaq Zc /(Z10aa + Zc) for the parallel load and Z;, = Z,,,q + Z¢ for the series
load.
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o o O— Load FO—
Vinc Vinc
Z.,V, | Load Z,V, Z,V, Z,V,
Vref Vref
— D
(a) ®)
O O Load
Vinc Vinc
ZC P} Vp Load ZC Zc ] Vp ZC
Vref Vref
«— ——
— —>
rm Iﬂin
(c) (d)

Figure 9 Transmission line circuits modeled using FDTD method for loads in (a)
parallel and (b) series, and equivalent transmission line circuits used
analytic results for loads in (c) parallel and (d) series.

Two incident voltage pulses were considered; a unit-amplitude, Gaussian pulse

-0.5(t-74)* /73

Kt)=e ;

and a unit-amplitude, differentiated Gaussian pulse

)/D(t) _ _\/E (t - Td) e—O.S(t—rd )2/1%
T
p
where 7, 1s the characteristic time (controls width of pulses) and 7y s a time delay.
These pulses were selected because they are broadband and have well known
mathematical properties. The derivations of the analytic reflected voltages for the
Gaussian and differentiated Gaussian pulses, while straightforward, are somewhat

long and involved, details can be seen in [2].
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Figures 10 and 11 show examples of the voltages reflected from each type of load
when Gaussian and differentiated Gaussian pulses are incident, respectively. Three
element values were selected for each type of load to give reflected pulses with a
maximum magnitudes or peak-to-peak swings of about 0.25, 0.5, and 0.75 with the
Gaussian excitation. In the FDTD models, the 1D lossless transmission line (Z¢ =
50 Q, vy = 2.998 x 10°® m/s) is driven by the one-way voltage source injector and
terminated at each end by the absorbing boundary condition that will be discussed
in later lecture(s) [1]. A spatial interval Az = 0.76 mm, characteristic time 1, =
16.732 ps, and Courant stability factor of S = vpAt/Az = 0.5 were used. For this
value of Az, the spectrum of the Gaussian pulse is down 9.34 dB from its peak
value when Az = A/20 and the spectrum of the differentiated Gaussian pulse is

down 4.0 dB. As shown, there is excellent agreement between the analytic and
FDTD results.
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Figure 10 Reflected voltage from a transmission line with (a) parallel and (b)
series inductors, (c) parallel and (d) series capacitors, and (e) parallel and
(f) series resistors inserted. Analytic (solid lines) and FDTD (dash lines)

results are shown for Gaussian pulse excitation.
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Figure 11 Reflected voltage from a transmission line with (a) parallel and (b)
series inductors, (c) parallel and (d) series capacitors, and (e) parallel
and (f) series resistors inserted. Analytic (solid lines) and FDTD (dash
lines) results are shown for differentiated Gaussian pulse excitation.
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