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Figure 9-2 excerpt 

 
Figure 8-7 excerpt 

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485, 
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9.5.1 cont. 

Multiplying our constraint/dispersion equations (9-81g)) & (9-83g) by a2 leads to 
2 2 2 2 2( ) ( ) ( )        ( ) ( )d d

z d z da a a a a aρ ρβ β β β β β+ = ⇒ = −              (9-85e) 
2 2 2( ) ( ) ( )o

z oa a aρα β β− + =                                                                  (9-85f) 

If we subtract (9-85f) from (9-85e), we get- 
2 0 2 2 2

0

0 2 2 2 2 2
0 0

( ) ( ) ( ) ( )

    ( ) ( ) ( ) ( ) ( 1) ( )

d
d

d d
d r r

a a a a

a a a a a a

ρ ρ

ρ ρ ρ

β α β β

α β β β β ε µ β

+ = −

⇒ = − − = − −
    (9-86) 

 
Now, we will define some new variables to shorten the subsequent equations- 

(lowercase chi)        d aρχ β=                                                      (9-87a) 

(lowercase xi)         oaρξ α=                                                      (9-87b) 

(lowercase zeta)          zaς β=                                                      (9-87c) 

0d r rβ β ε µ=                                                      (9-87d) 

Using these new variables we can rewrite (9-85e) & (9-86) as- 
2 2

0( ) r raς β ε µ χ= −                                        (9-88a) 

2 2
0( ) ( 1)r raξ β ε µ χ= − −                                (9-88b) 

Assuming the dielectric waveguide is non-magnetic, we can put the equations (9-
85a) - (9-85d) in matrix form [ ][ ] 0F g =  where (9-89a) & (9-89b) are- 

0 0
2 2

0
2 2

( ) ( ) ( ) ( )

0 ( ) 0 ( )
[ ]

( ) ( ) ( ) ( )

( ) 0 ( ) 0

m m m m

m m

d
m m m m

m m

a m a mJ J K K

J K
F

m a m aJ J K K

J K

ωµ ς ωµ ςχ χ ξ ξ
χ χ ξ ξ

χ ξ
ς ωε ς ωεχ χ ξ ξ

χ χ ξ ξ
χ ξ

 ′ ′
 
 

− 
=  

′ ′ 
 
 − 

     and     [ ]

m

m

m

m

A
B

g
C
D

 
 
 =
 
 
 

. 
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9.5.1 cont. 
For a non-trivial solution, the determinant of (9-89a) must be zero, i.e.,  

2 2 2 2
2 20 0 0

2

2 2
2 2 2 2

4 2 2

2 2 2 2
2 20 0 0

2

2
2 2

2 2

[ ( )] [ ( )] ( ) ( ) ( ) ( )
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m m m m m m

m m m m

d
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m J K

ω µ ε ω µ εχ ξ χ χ ξ ξ
χ χξ

ς ςχ ξ χ ξ
χ χ ξ

ω µ ε ω µ εχ χ ξ ξ χ ξ
χξ ξ
ς χ ξ

χ ξ

′ ′ ′= +

− −

′ ′ ′ ′+ +

−
2

2 2
4

( ) [ ( )] [ ( )] 0m m
m J Kς χ ξ
ξ

− =

         (9-90). 

Dividing (9-90) by 2 2 2
0 [ ( )]d ma Kω µ ε ξ  and doing some algebra leads to the 

eigenvalue equation for the dielectric waveguide- 
2

1 2 3( ) ( ) ( ) 0G G Gχ χ χ− =                                      (9-91) 
where 

1
( ) ( ) ( )( )

( )
m m m

r m

J K JG
K

χ ξ χχ
χ ε ξ ξ
′ ′

= +                            (9-91ab) 

2
( ) ( ) ( )( )

( )
m m m

m

J K JG
K

χ ξ χχ
χ ξ ξ
′ ′

= +                             (9-91b) 

3 2 2
0

1 1( ) ( )m
r

mG J
a
ςχ χ

χ ξβ ε
 

= + 
 

                         (9-91c) 

2 2
0( ) raς β ε χ= −                                     (9-91d) 

2 2
0( ) ( 1)raξ β ε χ= − −                             (9-91e) 

To keep oaρξ α=  real, the value of d aρχ β=  needs to be less than- 

( )max 0 0 0max
1 ( 1)d

r ra a aρχ β β ε ω µ ε ε= = − = − .              (9-92) 

If max
d aρχ β χ= > , then o aρξ α=  becomes imaginary and our modified Bessel 

function of the second kind Km  from (9-82) becomes a Hankel function of the 
second kind Hm

(2) and give unattenuated outward traveling waves in the ρ 
direction, i.e., our dielectric waveguide becomes an antenna! 
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Note that the TM01 mode stops propagating, i.e., βz /β0 = 1, at around the value-  

0

2 1 2.4049 1 2.4049 0.613
1 2.56 1r

a
λ π πε

= = =
− −

 

in Figure 9-11, more on this later. 
 
Next, Figure 9-12 shows some typical field patterns for the HE11, TE01, TM01, 
HE21, EH11, and HE31 modes.  For all plots, a ratio 

2 2 2 2 2 2 0 2/ ( ) ( ) / ( ) ( ) 0.1d d aρ ρ ρτ χ χ ξ β β α = + = + =   

was selected. 
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In Figure 9-15- 

Bottom of dielectric cylinder is at z = 0 & ρ ≤ a 
Top of dielectric cylinder is at z = h  &  ρ ≤ a 
Region 1-  volume of space between bottom of dielectric cylinder and PEC plane 

at z = -h2 

Region 2-  volume of space between top of dielectric cylinder and PEC plane at 
z = h + h1 

Region 3- volume of space -h2 < z < 0  NOT below dielectric cylinder 
Region 4-  volume of space 0 < z < h  & ρ > a, i.e., outside & adjacent to dielectric 

cylinder 
Region 5-  volume of space h < z < h + h1  NOT above dielectric cylinder 
 
Typically, the medium in regions 1 – 5 is air/free space (ε0, µ0). 
 
The distances h1 and h2 above and below the dielectric cylinder are anywhere 
from 0 to ∞, i.e., 0 ≤ h1 ≤ ∞ and 0 ≤ h2 ≤ ∞. 
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