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..} of the Bessel function J,, (x)

m=0 m=1 m=2

m=3 m=4 m=5 m=6 m=7 m=8 m=9 m=10 m=11
n=1 3.8318 18412 3.0542 42012 53175 64155 75013 85777 9.6474 107114 11.7708 12.8264
n=2 7.0156 5.3315 6.7062 8.0153 9.2824 105199 11.7349 129324 14.1155 15.2867 16.4479 17.6003
n=3 10.1735  8.5363 99695 11.3459 12.6819 139872 152682 165294 17.7740 19.0046 20.2230 21.4309
n=4 133237 11.7060 13.1704 14.5839 15.9641 17.3129 18.6375 19.9419 21.2291 225014 23.7607 25.0085
n=3$ 16.4706 14.8636 163475 17.7888 19.1960 20.5755 21.9317 23.2681 24.5872 258913 27.1820 284609

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,

ISBN-13: 978-0470589489.
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TABLE 9-2 Zeroes x,,, of Jn{(X,,) =0 (n =1,2,3,...) of Bessel function J,, (x)

m=0 m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8 m=9 m=10 m=11
n=1 24049 38318 5.1357 63802 7.5884 87715 99361 11.0864 12.2251 13.3543 144755 15.5898
n=2 5.5201 7.0156 84173 6.7610 11.0647 12.3386 13.5893 14.8213 16.0378 17.2412 184335 19.6160
n=>3 8.6537 10.1735 11.6199 13.0152 14.3726 15.7002 17.0038 18.2876 19.5545 20.8071 22.0470 23.2739
n=4 11.7915 13.3237 147960 16.2235 17.6160 18.9801 20.3208 21.6415 22.9452 24.2339 25.5095 26.7733
n=>5 14.9309 164706 179398 194094 20.8269 222178 23.5861 24.9349 26.2668 27.5838 28.8874 30.1791

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,

ISBN-13: 978-0470589489.
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Figure 9-2 Field configurations of the first 30 TE® and/or TM? modes in a circular waveguide. (Source:
C. S. Lee, S. W. Lee, and S. L. Chuang, “Plot of modal field distribution in rectangular and circular
waveguides,” IEEE Trans. Microwave Theory Tech., © 1966, IEEE.).

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.
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Figure 9-3 Excitation of TE,,,, and TM,,, modes in a circular waveguide. (¢} TE|; mode. () TMy, mode.
(c) TEp (rectangular)-TE | (circular). (d) TE ¢ (rectangular)-TMy, (circular).
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Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.
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901 " 2 (0.3%5)0.025%

X, = 38318

_ 3.0300(2979x0% JCCJN-:. 19.194 a‘/f

GU T Za o375)0.025¢ e

= §ame aS DC Cor T /o, m‘w/e /
For TH,E mode @ 14 GH?

P = wdue, = 27 ()4 kr0?) = /g 293,421 == MJ

2.99%% x s0% M

M

2.4/049 d
(q 25) %f 9375/:02;4) = Igfo:ZSZ-éLg-g %
v

(9-2%.) (;gz,am)vze%‘@;:1/273,42_252‘52 = éoﬁ 14949 =

—_—
7 7
(9’2%‘\ /\Z"( = ;;0, - /47;7 =2 /fﬁ,m = 9_}7203 Com
(9-32.) (277 = pli~es7 = 3767303 - 12051
= (waz) Z” = /7/. 97‘J?;“
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9 2.3 cont
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Figure 9-4 Attenuation for TEZ,, and TM?,, modes in a circular waveguide. () a = 1.5cm. (b) a = 3cm

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.
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Example- For an air-filled 3/4" copper (o = 5.7*107 S/m) pipe. determine
the cutoff frequencies and conduction attenuation coefficients for

the lowest five modes at 32 GHz.

a:= 0.5-0.75-0.0254 a=9525x lt]_3 m acu = S.T-lﬂ? S/m
_7 ., 12,
po = 4.7 10 H/m £0 = 8.8541878-10 F/m
L0
no := % no = 376.7303 -32.100 Hz
2o
use (8-61) Rsi= [T 1 Rs = 0047078 | @
~cu
1) TE;; (dominant mode) |  x11p := 1.8412 m:=1
_ x11p
OL2a) e TEl= o fo TE11=0.2231x10° | Hz
| 7
Rs fe TE11) !
(9-34a)  ac TE11 = : - [ = ] s

J {ﬁ: TEll]2
a-n0- |1 - _T

£ y1 11:r2 - 11]12

ac TE11 = 6.871x 10 > | Np/m

2) TM, (second) | X01 := 2.4049
x01
(9-27) fc TMOI1 :=
B 2-reanf -0
R.'
(9-342) o TMOI = : -
fe TMO1\"
a-n0- |1 - %

fo TMO1 = 1.2047 » 10%° | Hz

ae TMOL = 1.416 % 10”2 | Np/m
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3) TE,; (third) | X21p:=3.0542 m:=2
(0-122)  fo TE21 = — X=2P _ 10
— 2-mr-aj10-20 fc TE21 = 1.5299 x 10 Hz
2 2
(9-342)  ac TE21 = Re . (&{Ezl] —
x21p~ —m”

J (ﬁ: TEzlJ2
a-n0- |1 - —T

ae TE21 = 1.463 x 1072 | Np/m

da) TM;; (fourth w/ TEy,;) | x11 := 3.8318
027)  § - X 10
(-27) c_TMIl:= 221020 fo TMI11 = 1.9195 x 10 ‘ Hz
R-'
(9-34a) e TMII = i - |
fo TMI11)2 e TMI11 =1.64x10 ~ | Np/m
a-no- |1 - (——]
f
4b) TEg; (fourth w/ TMy;) | x01p := 3.8318 m:=0
_ x01p
(9-12a)  fc TEOl:= 2 a0 50 fo TEO1 = 1.9195x 10°° | Hz
-2 7
Rs fc TEOL |~ .
(9-34a) oae TEOL := - = ( c_f J + 11: >
(ﬁ: TEO01 J* x01p~ —m”
ano-J1-| ——
f
ae TEOL = 5.9 10 ° Np/m
= 3.47 Roughly 3.5x the lowest cutoff frequency.

fc TEIl

At 32 GHz, the TE;; mode definitely has the lowest attenuation.
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9.3 C.«‘/Cu/a/ Cav;‘?
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h :,djé a, it ElaT metal /é?‘ef,
! ,fn;’,‘g/é 7@75 ca(/(?‘), 1y Some
1
..‘.L— gy s e://a/ (,‘//6/557(//(4//2/0/5{%;_;

. \______;/
Li (,0’,5) or )[/.ze 5‘/&68'

X
¥ /l/Oc«// wave //c?/djﬁf:‘on (S Ao /0njc’f/0§§:'é/e

/‘/\ n1€, iz"&/i/dc /a;mf. neffé/éj in ons QZua%fo-/?_S‘

Cor é [c,,/ﬁzg/ e Y4 fa//éce Yhe ?‘/’ac/ﬂénj
ave ((2) eguntios wits sTandiny wavs in

Y XIS
h(z) = A; ed‘gﬁ«@eJﬁzz > hla) = Geoslly Dt Snlg,?)
éf“@f?;ﬂf fe?éfe ﬁ///‘/f""j éow/z/&/'/ (o/c/;ffér?f
@ 2=z0 and 2=k,
ya 7_«; gjc'fu,a//}/ c’)(c,'fg /476‘/.:21’ ér'/cu/h/ (5“/'76'&)(
7f‘-sz;/é,,é,; o7 /mée; Thet /6’/7@7(/'&?716 Y e

(e //5 are m[:/; 2c/ e S éi/m/ﬂ'afé Fo matech
7’1‘6 af//w'(aé/f 748/{/ ﬂﬂ%/n(j)'
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Qj/ 7}53.4 Sterse f/cc:%/}c: [752) Md’fé"{

-2 77’}& A&mﬁ/h/f Cony/lf/';p,—,_r an;f Cvnsfanzr
\[;wn&/ 7(19‘/ 7"%6 / ¥ ¢ '?Lc/n”f G re wncéhn‘jcf/{

nte’/tf)[c;/@} e 576'/7" 1 Th /fqme

FZ = A T /%f/’)[éz cos(m#) + 4, ;M/Mﬂé)]
([ cos(ty2) + by smlfe)] (93

‘:/)é’n/
7
X
where /;,:: _____:_"5(_’3._- an/ =02 0

7; 7[:“’"/ %%) w'e a///)/ 7146« ﬂéMéé'wn/é//
tond Fromsc That E,.=0 ® 220 4 h

E =0 @2=0 4 z=h (9-362)
///& —p @ =0 4 2 =h (?«365)

%5‘»’?; eimar’ the tf/ or £¢ C9AJ/1‘7L/KJA w/'/

lead +o Fhe Same anSeacr. for (6-80) +(5-35)

)
Fo=e%

= ﬁf’ Ama Jmi (5?/ /0)):67/59-‘(”‘ d)f/,(m[m é)]
) d {(3 aaﬁgg%) t ﬂg Sin (755 2)}

NEA))
4 r)
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iZ;j?a/ 6:044'7{
& Z=-o0

E;g 0 = 65‘9 ﬂan (ﬁf/)[ézcaS(md)fﬂ §n(m¢)}[63 foz

29/ 67

”Es&/ n0/1~f/4{//'64/ 50/}’2 = 63 =0

_—"""—‘-_——_‘_

@ 2 =h
£¢ =0~ /g/ /42” m/(fé}/’)[CzCazs ) 7‘45:,-,[,,,@)]@ Sina //;L,)
for non-trtvial 5o/ = sin (fab) =O
faln=pmm YRR
> s ~
> fe 7= (9-380)

Mga‘nj Ouvr /}‘Sfefffbn/éoﬂ{ffﬁff\f @jhﬂ?ﬁ'&f»)/

e Can o~

ConsTanTs

tr* JgézE:fg{?L

';/1ﬁ/' Onr y’GS:OI?ar17ﬁ'/4;§éJﬂf

()('”" ) cwiae = Yy (5:39)
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/caneiffij 7&9 The /ﬁCJTOVﬂ¢$’f7# f{;ﬁfj?ua&wﬂ£73€jr (%7ﬂ3€a2>

(JC)TE? = zm/&'«? [(D("’O (

/,; = Am/ I //5;/)[(2 cos(mp)+ ), 5inlm ¢)]>’3‘” (fa2) (3-2)

77\\5; variem S Tf’f;f ,mog/e 8/4257/7:6 ¥ majne/’e‘c

7(} e'/;/ér' /?14?;/ éaf? 7£:u1rtﬂ/f é%}/ d?d%f7(§r#rj:5 [1§~rﬁzﬂ
%o (9-50)

By -5 DA
S R 3 _ oo 2
Ef’v e ¢ H{g'c.//,/g Jp Iz
_ 1L 2R -5 1 A
£¢ T € 9y Ht;f" cut £ Jpde
| _ 2z
£, = © (1)) Mo =2z 2 6

/7;mrn ! Soe AZ; /1) e Hi/ /Q/EDégéénn(Ck),
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?.3.2 Tf”anSVc/S‘e Majna%'c /77%'2) /Woc/tf

“5/435::’,\ 7116’ éte’wn/&ft/ c::on%?ebﬂf} e'/Ce?L&'/‘ta
am/ /‘eSM/Z{S‘ v[éun/ 7{;:/ The /o Y & f’(/mf
arée Mn&éﬁhﬁc’,% 711(/674/‘6} e f?‘arf' WrVZ

Same

AZ o Kmn L[%/)[ézéﬁ!”ﬂ/)‘f@ffn”m &)}
)(.[63 Cog(%z%) ya /3 5in (/"/3 'Z)} Kneh/(?’ql)

where %/& 220 (o) o m=0,02,,., (5Yb).

A’r" (6'70) N (9"//)/ Sor The TM ? cace

Ep="2_ L SN
wue [ QpIE

= 58, ZEE e /@J /,5;/)[ ~(oSinlm@) th, toclm)]
x[-sinlf?) + Gy exslifa2)]

@z =0
Es=0 = ¥ Mf{?f M/‘g//)fgzg,,@wwﬂzcag(mﬂj

x[o )

Fo/ A f\or‘l"Tfh/z'A/ 59/;,4 = 4?30
i
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TABLE 9-4 Resonant frequencies for the TE,,,, and TM,,,, modes of a circular cavity
R™P _ (fr)mnp
dom (fr)dom
h mn,
a_ Rdors
0 TMoi0 TMiro TM2i0 TMgp TMip TMizo TMag  TMzo  TMog  TMsy
T™o10 TMgie TMoio TMgio  TMgie  TMoig  TMpio  TMpie TMoig  TMggo
1.000 1.593 2.136 2.295 2.653 2.917 3.155 3.500 3.598 3.647
-
0.5 T™Mpi0 TMio TMaig TMgpe TM3o TEir T TEan TMipe  TEgy
TMgip  TMoio TMoio  TMgio  TMpoie TMpig  TMpio TMoio  TMoig  TMopo
1.000 1.593 2.136 2.265 2.653 2722 2.797 2905 2.917 3.060
(e
1.00 ™o  TEiin T™ie T™Men  TExn T™hn TEon ™™o TEsnn TMow
' T™oi0 TMoio TMoio TMowo TMoig TMoie TMoie TMoio  TMoio  TMoro
1.000 1.514 1.593 1.645 1.822 2060 2060 2.136 2.181 2.205
"4
203 T™pi0  TEimr TMonn  TEznn TEaiz TMiwe  TMoiz TEon TMin TEan
' T™Mg10,  TMo10, TMoio, TMoo, TMoo, TM™oto, TMoig, TMg1o, TMoio,  TMogg,
TE;1* TE;u¥ TEiw TEiwy  TEnn  TEm TEwm TEm TEmn Ein
1.000 1.000 1.189 1.424 1.497 1.593 1.630 1.718 1.718 1.808
10 TE* TMoie TMonr  TE;z  TMorz  TEa;  TEjs  TEun TMi10  TMgs
' TE 11 TEiin  TEinn TEwn TEi1n  TEqy TEi1  TEmn TEi11  TEih
1.000 1.136 1.238 1.317 1.506 1.524 1.719 1.748 1.809 1.868
40 TEi ¥ TMoro TE11z T™™gn  TMgiz  TEns TExn TMas TEzz TEjus
' TE TE;1n  TEimn TEin  TEinr TEinr TEin TEin  TEinn TEy
1.000 1.202 1.209 1.264 1.435 1.494 1.575 1.682 1.717 1.819
5.0 TE¥ TE;» TMoo TMoy TEjs  TMgz TMgs  TEne  TExp TEyp
. TE;;1  TEin TEiw  TEmm  TEmn TEin  TEyn  TEmnn  TEmr TEm
1.000 1.146 1.236 1.278 1.354 1.395 1.571 1.602 1.603 1.698
10.0 TEm® TEin TEns TEus  TMgoe TEjs  TMon  TMoz  TMos  TEge
" TEyn  TEmn  TEmr TEin TEi1  TEn TE;n  TEmn TEm TEmm
1.000 1.042 1.107 1.194 1.288 1.296 1.299 1.331 1.383 1.411
o IE Y TMqp, TEa, TEq, TMp, TEs,  TMyi,  TEep  TEi, Mg,
TE1 TE;i1  TEinr  TEmn TEi11 TEig TEin  TEmr  TEj TE 1,
1.000 1.306 1.659 2.081 2.081 2.282 2.790 2.888 2.896 2.998

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.
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Multiplying our constraint/dispersion equations (9-81g)) & (9-83g) by a? leads to

~(epa)’ +(B.a)" = (B,a)°
If we subtract (9-85f) from (9-85¢), we get-
(Bra)’ +(aya)’ =(B,a)’ —(Ba)’

(Blay +(Bay =(Ba)} = Pa=(Ba)}-(fa) (9-85¢)
(9-857)
(9-86)

= ala=\(B,a) -(Ba) - (Bla) =\(Ba) (e, — 1)~ (Bla)’

Now, we will define some new variables to shorten the subsequent equations-

. _ pd

(lowercase chi) x=pBa
(lowercase xi) S=aja
(lowercase zeta) c=p.a

By =bBoNeE b,

(9-87a)
(9-87b)
(9-87¢)
(9-87d)

Using these new variables we can rewrite (9-85¢) & (9-86) as-

¢ =B e.u, -1

£=\(Ba) (.18, ~1) - 1°

(9-882)

(9-88b)

Assuming the dielectric waveguide is non-magnetic, we can put the equations (9-
85a) - (9-85d) in matrix form [F][g]=0 where (9-89a) & (9-89b) are-

O ) ”;—ffmm %Kﬂ,’(é) ”;—EK,,,@
Fo| O J,(2) 0 -K,(é)

Z—f«fm(z) ”"‘;’;“Jm'm ’Z—EKm(é) ‘”‘::"Km'(é)
J,(2) 0 ~K,(&) 0
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For a non-trivial solution, the determinant of (9-89a) must be zero, i.e.,

a),uoga

|F|= ”“jd L OPIK, )T + 7,00, (DK, (OK, (&)

) PR OT (’"? ; P

v ~ (9-90).
+%J,ﬂ(zm'<zm(5)&/(5) DHE 1 CARIK (T
e Tk, - ) P=

s g

Dividing (9-90) by &’u.e,a’[K,(£)]" and doing some algebra leads to the

eigenvalue equation for the dielectric waveguide-

G(1) G, (-G (x)=0 (9-91)
where

J, () K, (O, (1)

G(y)="2 25 9-91ab

T ek ® Oo10)
J, () K, (O, (1)

G,(y)="" m 15 9-91b

(2 FTERL () (9-91b)
mg 1 1

= — 9-91

G3(Z) ﬂoa\/;r Jm(Z)(ZZ + ng ( C)

¢ =\(Ba) e, -1 (9-91d)

¢ = \/ (Bya) (e, —1)—x° (9-91¢)

To keep £ =a’a real, the value of y = B7a needs to be less than-

T =(Bla) = PBraJe, ~1=0aJus (s -1). (9-92)

If y=p5a> y..., then &=a’a becomes imaginary and our modified Bessel

function of the second kind K,, from (9-82) becomes a Hankel function of the
second kind H,® and give unattenuated outward traveling waves in the p
direction, i.e., our dielectric waveguide becomes an antenna!
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Figure 9-9 The first 13 eigenvalues of the dielectric rod waveguide (e, = 20). (Source: D. Kajfez and P.
Guillon (Eds.), Dielectric Resonators, 1986, Artech House, Inc.).

3.0

7.0

6.0

Xnm

50

4.0

30

2.0
0

/

—

/
I = sl T B

HEM,,(EH,,)

HEM,;3(HE»,)

HEM,,(HE,,)
HEM,,(EH,,)

HEM;(HE,,)

HEM,;,(HE;,)
HEMlz(EH] ])

HEM, (HE,,)

TEy,

HEM,(HE,)

0.5 1.0 1.5 20 2.5

Boa

Figure 9-10 The first 13 eigenvalues of the dielectric rod waveguide (¢, = 38). (Source: D. Kajfez and
P. Guillon (Eds.), Dielectric Resonators, 1986, Artech House, Inc.).

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,

ISBN-13: 978-0470589489.
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Figure 9-11 Ratio of B, /o, for first three surface-wave modes on a polystyrene rod (g, = 2.56). (Source:
R. E. Collin, Field Theory of Guided Waves, 1960, McGraw-Hill Book Co.).

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.

Note that the TMo; mode stops propagating, i.e., 5./ = 1, at around the value-
2a 124049 1 2.4049

A me -1 w2561

in Figure 9-11, more on this later.

=0.613

Next, Figure 9-12 shows some typical field patterns for the HE;i, TEo1, TMo.,
HE»i, EHi1, and HE3; modes. For all plots, a ratio

= (P +E) = (B [ (BS) +(apa) |=0.1

was selected.
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Figure 9-12 Field patterns in the central core of a dielectric rod waveguide (in all cases T = 0.1; E:——,
H: ----). (Source: T. Okoshi, Optical Fibers, 1982, Academic Press.). (a) HEM;, (HE ;) mode. (b) TEgy

mode. (¢) TMp; mode.

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.
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{e) (N

Figure 9-12 (d) HEMy; (HE;|) mode. (¢) HEM» (EH ;) mode. (f) HEM3, (HE3;) mode. (Continued)

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.
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Total
number of
Xomn propagating
Mode(s) I (X)) =0 at cutoff modes
HE;; (HEM/,) Jix10) =0 xip=0
TEj), TMq, HEz; (HEMy,) Jo(Xo1) =0 xo = 2.4049
HE; (HEMj3), EH{; (HEMy,), HE3;; (HEM3;) J; (X“) =0 X = 3.8318 12
EH,; (HEMjy;), HE4; (HEMy;) J2(x5) =0 Xy = 5.1357 16
TEoz, TMoz, HE22 (HEM23) JO(XOZ) =) X = 5.5201 20

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.

3 —
loosely
bound
> |
QL
£ 21—
o
©
= sweet spot |
: |
3 |
:
g : «————— Single HE;; mode region———--—-HI
= |
|
|
|
I 1 | |

1 2 3
Normalized core size [V = (Bya)’(e,— 1)]

Figure 9-13 Normalized modal diameter as a function of normalized core size for dielectric rod waveguide.
(Source: T. G. Giallorenzi, “Optical communications research and technology: Fiber optics,” Proc. IEEE,
© 1978, IEEE.).

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.
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7_52 Cf'f“Cw/G/' /f‘e’[fc‘/?’fc /{z’joanm:

-2 Caanm AQV{ many S‘Ahﬂé’f} e.j.) S{;{J’Af""f’s} 6’/1\5/‘:(;:“

- %.{Mﬂ/(f/ a CEerronmicC h// Ai‘5/~ £ axﬂ/ /0»/
Fond~ To achieve lLict (I
> Theorized @ studicd by NichTayer ~/737

b mat much dome witt hem for
memf/ years duwe to lfaclk of 5‘u;ﬁéé

Ma'f"e/z‘a /,(

~ f‘f’ﬁ/'{'g&/ 30\;/\{/1) }/\+¢'r¢57 a,jﬁ;/‘ l‘n /"7‘{‘3 éﬁf
and iate P0T5 oS J/ex/c/a»/menf o/ beter
/M&\f‘t!f,‘r/ /5,; g,j.) bﬂf’f‘mm 'f’c‘f’fa”f?'/‘*'nn%f s (}"’S”) 7}6’9'
-2 /4(/(/6“’?75_?6’! ;/\é/uﬁ/f /(3/617675// Cam/ﬂﬂf
Sire verSus navegoide £ilfers and cost

/é’{/( wl en (A.fd/ffn Some C?fé‘)//ﬂﬁf_r
(J}g/ec‘ffic /650.«7%7(0/ 0!5///:. ﬁfi/ﬂﬂ&:)@ Ain

freguencies
> Typically wan & 230 +o 5ot goed
£‘3i‘7f/97 énn?[:\nemen%
for a //u’tm&/ inTerface,
o7 e
Tot]  Wertl
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l/\/lf\&r‘? & i< /4/56 Rt //’--">/j W& € ar Q%K‘@X/mar?(é‘

ﬂe /ié/ez:?("f”a‘c*h/r x’n‘?Lg/‘vé;;(,g 4/ y7/!e (/f‘ﬁ/ecfrac:
/L’f&‘/\ﬁ‘ﬁ»/ af a /er-ﬁ:c?‘ Maﬁneﬁc Cam/mafo/

([ Pme).
- //ﬂé //a/er”%y /:Tt’an =~ 0 of fﬂﬂmﬁ/ =0

[/EC = E;,,-:O o /‘Z,a/m‘?@j

¢ /
o r o For PP1C mode!)
T ASSume 127 b’ﬁ%’")

f
l,\ | € | dn/ {}é/g 5#/A€'¢'f Gr €
|
| e
:.l-[/ //)_p\: ____3/ / fl
) &

w/ Y/ ka a///‘«»x:maﬁa«w, e 7ef’ The
bpmma/ary cond 17 oms

@p=a, Hy=0 (7-9¢2)
@7 =0 Hg=0 4@2¢A)H¢:O (9-%1)
@ pza, Hp =O G- 7a)
@ rz0, Hp=0 d @ 2=h Hp =0 (5-975)
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9,52 con'.
/4///)/,»\5 efler et 67 bﬁw»«z/ff//’ Comde s
Jeads Fo Same resul75, il use (9-95 avb)
A TEZ Modes

> Sturt ] (9-35) from cirealsr cavily

woorll tn SecTion 9.3./, [Wfﬂ(t.’ W///ﬂé
bva//f/ e o//// /107‘ Varr/ né&mf/7a

7[/‘&//5.?

by = Ao I //f "/)fcz cos(m@) +{] S.n(m /) (
x[f; cos (s ) + /. sn/ﬂz?-)} PECITE,
USe (6-20), To CompunTe /‘/;d

- Sy asSSnmios
P SR ) S A
g - Jw,/QéJ r Y Pra ,/zSa/mnf ,[}gjufrza/v

- ’ m T J ' 35 [mn
- ;% L T (4 -6, 50lmd) ¥, e35(n A
X f’% Sin(fo®) + Uy Cos (£ = 2)

Hylp=a) = O == Pmn =g ’"f 2% (47a) ¢ Sinlm) 1hy 504
[«é;; ~(22) 175 505452%3

for ﬂm«?’“f'»‘via/fo/h > L/ﬁ;’a) =0 = ﬁ/ ”‘:an
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?51 Can'f:
/7’. ConT,

Sop e Fond Yot 7= 2z (9100

here X, dre The Zecos of Jm (See Tubl %2),

pext, a//// (9-9¢6)

Hy(2=0) =0 = Jﬁm”'cjé? /’J"‘ﬁli/f)i Cysinled) 1 f el
«[ O+ ()]

For non-trivial softn => Jy =0 (4-/00a)

Holoo8)0 3o 2 £ 3G o

XECB 540 (/?’433
/éo:/ ,10,7-7‘/’7(/}‘&/ .‘>/13/;’1 = ;g;,\//ézl,\) =0

= faln =f7
PR AL e

7216 (:/;' S/!’/Sfo /7/&9/1571’/“ inT @f%ﬁ?e'vﬂ ﬁ’?&)
, 7 :
becomes é, Z+ﬁzz‘(xm”)Lf(4‘T«) = W, At €y

( by = oz, = (Fm)r (EE) (9-101)

\(jcf'):f; - sz:};jt/z S
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752 cont
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w/ f;(f‘;; Koy _ 2992~ (5 s0/4)

277&% T 2Tl és
(dominan? overall Ka hWe ¢ 2.03 per e /Vlo(/e/)

g- TM% /Woc/ej‘ |
Starl o/ /?"7'/)
/4 Z = Km‘ J / ﬁ/ / K)f@aoﬁﬂngﬂ) 4, §n /myj)j@ CW@}) q"/_? §en /fz a)j

m
M:ojl}zj 7t ¢

/c“/ (6-70) . ¢7
///¢ = -1 é_’_j}_ ;1%2 [2/ J;y(/g;/’)[(zciwmﬁfﬂz Sen m
/ e EC; cor%?) +4 i (,{,a)z
Hﬁ[/'f’a) =0 :’é’:‘:" /JL/@JG) [CZ (o€ Mﬁ ‘I"/z,{l‘nmﬂz
L[ G cos(§2D ¥4 sin(fe?) (

= I, /é,"(a) -0 = é‘%d& = }Cm:, [see Table /)

B Lo

A

[
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7, .2 conTe
L. cont.

Pgply (9-7¢6)

}/%/g;a) =0 :'%ﬁ i@/"/j"/é;/(,)[(zcwmyf-kgfm m/}
X (1) + o (

62/67

s —

/7/¢ /2=Ll) ’-—: O 7’/:—535 ﬂ/dL //Z/J/)[C-za?s/nﬁ*ﬂ; §in mﬁjﬂjﬂn/ﬁ?h)
= 5.‘/1/[5214)—;0 => %;/4:/77 /: /JZ)K),,/

%%’
/%/) 4= () ('0'7) ﬁriw//{«@

m? m=012,
(9“/”) JCf::f z,—/,./"zc,1//"’") (’42/ "“’2'7

F’ h2y 1ot
- Zz z
/0/)414&/)7‘ /an/ /I’lﬁﬂ/é’ < 7’/””/ mode l«///

e _ T “q)2
S =l CE Ry X

[olominanf m/c/a// when h/,. = 2,02 je” /e ma/e/)
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9,S.2 conl
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Figure 9-15 Modeling of circular dielectric rod resonator. (Source: D. Kajfez and P. Guillon (Eds.),
Dielectric Resonators, 1986, Artech House, Inc.).

Advanced Engineering Electromagnetics (Second Edition), Balanis, Wiley, 2012, ISBN-10: 0470589485,
ISBN-13: 978-0470589489.

In Figure 9-15-
Bottom of dielectric cylinderisatz=0& p<a
Top of dielectric cylinderisatz=4 & p<a

Region 1- volume of space between bottom of dielectric cylinder and PEC plane
atz=-h

Region 2- volume of space between top of dielectric cylinder and PEC plane at
z=h+h

Region 3- volume of space -4; <z <0 NOT below dielectric cylinder

Region 4- volume of space 0 <z<h & p>a,i.e., outside & adjacent to dielectric
cylinder

Region 5- volume of space #<z < h + h; NOT above dielectric cylinder

Typically, the medium in regions 1 — 5 is air/free space (o, o).

The distances /1 and /2 above and below the dielectric cylinder are anywhere
from 0 to o0, 1.e.,0 </ <ooand 0 < 5y < .
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9.5.2 cont
C; aoﬂ'/,

/o'/ mg f;'/‘haf;ar« Séoc—/w ‘A /}joffg 7’(_(-—

o = f;*ffi’ t9r  3Toby (9-103)
1 (e ot
(/\/)/(e/c ——S:;-' = 7"5,,, ([?; coftlh ("(tl‘i)] [(7,/3 )
» o ([ %2, n\[«,,haﬂ (‘/‘e/aSé)
% - '/’an [ﬁa 7

T 2 o
i = ()S%L) t /fjo €ct “~fegion | (q /03':)

M

a8 :4[ (J%L Zf'ﬁez é”‘,\/{e;&i"" , /@/oKJJ

b For fhe TEyp mode, select G20 in (9-103)

s=w (¥ %) (7-104)
& [rom Table 7-1, X, = 2.9099

* o = LWhuyés

¥ /,/o,w K&jffez L @“.’//om ) %efedé?’zc /[e_(ﬁnaﬁrf; /655} ﬂr"feclﬂ /%WJ"’

57 () = ZL (Fe345) for hizh

Hol
0.6 < % ¢l

20,2 €-K50
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Example- Compute some resonant frequencies for a circular dielectric
resonator with dielectric constant 38, radius 5.25 mm, and height

4.6 mm.
h
a:= 0.00525 m h := 0.0046 m — = 0.876 £r ;= 38
a
=7 ; ~ -12 ;
po = 4-m-10 H'm £0 := 8.8541878-10 F/im
TEj;g.mode (dominant) x01 := 2.4049

(9-101a)  fc TEO010 :=

fc TEO10 = 3.5456 x 10° | Hz

TE;; 5 mode amm ;= a-1000 hmm := h-1000
(Kajfez & Guillon, Dielectric tfc TE11d = ——— ( + 3. 45] lﬂg
Resonators, 1986, Artech House) A \f_

fo TE115 = 4.8235x 10° | Hz

TE} o mode x11 := 3.8318

2 3

1 11 (om)?

(9-101)  fc TE110 = J("‘ J +(_ﬂj
2- e - 2r- 20 a h

fo TE110 = 5.6493 x 10° | Hz

TM;y; mode x11p:= 1.8412
1 11pV¢ (172
(9-102a) fo TMI111 = J(x pJ +(—TTJ
2o pu0-er- 20 a h

fo TMI11 = 5.0424 10° | Hz
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E[}]] ]110[" e

1 Y01V (1w
(9-101)  fc TEOI1 = - Y Rl
- 2-7re4f p10-£1- 20 a h

E]]] mode

1 y11V2 (1.
(9-101)  fo TEIll = - Y Rl
B 2.7 p0-er-0 a h

TE,;g mode x21 == 5.1357

(0-101)  fo TE210 = ! . J( x21 J . ( ﬂ"”}

2-7re4f p0-2r- 20

fc TE210 = 7.5716 x 10° | Hz
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