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r x a y a z a
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∂Φ ∂Φ ∂Φ
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∂ ∂
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Rectangular/Cartesian Coordinates
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ˆ ˆ yx xz
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z x x y

x y z
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
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ˆ ˆ ˆ  (Note:   has  dependence)
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dl d a d a dz a
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dv d d dz
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z

A A
A

ρ φ

ρ ρ φ φ
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ρ φ

ρ φ
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ρ φ ρ ρ ρ φ

ρ ρ φ
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ρ
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=
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∂Φ ∂Φ ∂Φ
∇Φ = + +

∂ ∂ ∂

∂ ∂
∇ = + +

∂ ∂

Cylindrical Coordinates
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2 2 2

1 1ˆ ˆ ˆ 
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z z
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φφ ρ
ρ φ

ρ ρ

ρ φ ρ ρ ρ

ρ
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∂
∂

 ∂∂ ∂ ∂   ∂ ∂  ∇× = − + − + −     ∂ ∂ ∂ ∂ ∂ ∂     
 ∂ ∂Φ ∂ Φ ∂ Φ

∇ Φ = + + ∂ ∂ ∂ ∂ 

ρ φ
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ˆ ˆ ˆsin

ˆsin  
ˆsin

ˆ         

sin  
ˆ ˆ (Note:   has both  and  dependence)

1 1ˆ ˆ ˆ
si
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r r

r r

r

r,

dl dr a r d a r d a

d s r d d a
d s r dr d a
d s r dr d a

dv r dr d d
r r a a

a a a
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θ φ

θ θ

φ φ

θ φ

θ φ

θ θ φ

θ θ φ
θ φ
θ

θ θ φ
θ φ

θ

,

= + +

=
=
=

=
=

∂Φ ∂Φ
∇Φ = + +

∂ ∂

Spherical Coordinates
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sin1 1 1
sin sin

sin1 1ˆ ˆ
sin sin

1ˆ  
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r

r
r
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r A AA
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A rA AA a a
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r r

r
r r r r

φθ

φ φθ
θ

θ
φ

θ φ

θ
θ θ θ φ

θ
θ θ φ θ φ

θ

∂Φ
∂

∂ ∂∂
∇ = + +

∂ ∂ ∂

   ∂ ∂∂ ∂ ∇× = − + −   ∂ ∂ ∂ ∂      
 ∂ ∂ + −  ∂ ∂   
 ∂ ∂Φ

∇ Φ = + ∂ ∂ 
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A
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


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2 2 2
1sin

sin sinr
θ

θ θ θ θ φ
 ∂ ∂Φ ∂ Φ

+ ∂ ∂ ∂ 
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2 2
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         cos         cos

tan             sin          sin

                     

x, y, z , z

xx y x
x y

y yy
x x y

z z z z

ρ φ

ρ ρ φ φ

φ ρ φ φ−
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= + = =
+

 = = = 
  +

= =

Point/variable conversions :

Vector 

Cartesian Cylindrical 

ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆcos sin cos sin               
ˆ ˆ ˆ ˆ ˆ ˆsin  cos  sin  cos  

ˆ ˆ
cos sin              cos sin

z z x x y y z z

x x

y x

z z

x y x

A a A a A A a A a A a A a
a a a a a a
a a a a a a

a a
A A A A A A
A

ρ ρ φ φ

ρ φ ρ

ρ φ φ

ρ ρ

φ

φ φ φ φ

φ φ φ φ

φ φ φ φ

= + + = + +

= − = +

= + = − +

=
= + = −

=

conversions :

sin cos           sin cos  
                                        

ˆ ˆ ˆ ˆ ˆ ˆcos                sin              0
ˆ ˆ ˆ ˆsin             cos

x y y

z z z z

x y z

x

A A A A A
A A A A

a a a a a a
a a a a

ρ φ

ρ ρ ρ

φ φ

φ φ φ φ

φ φ

φ

− + = +

= =

= = =

= − =

Dot Products :
i i i
i i ˆ ˆ            0

ˆ ˆ ˆ ˆ ˆ ˆ0                    0                   1
z

x z y z z z

a a
a a a a a a

φφ =

= = =

i
i i i

y

y

φ

 

 

2 2 2
2 2 2 2 2

1

2 2
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zsin cos cos   cos

tan sin sin          

sin  sincostan     
z

( ) ( )

xx r
r x y z x y x y

y y r
x

y
x y z r x y

x, y, z r,

θ φ φ θ

φ θ φ

φ
θθ

z

θ φ

−

−

⇔
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+ +
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=+ == +
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Point/variable conversions :

Cartesian Spherical 
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2 2

2 2 2
 

ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆsin cos sin sin cos sin cos cos cos sin
ˆ ˆ ˆ ˆ ˆ ˆcos cos  cos sin  sin  sin sin cos

r r x x y y z z

r x y z x r

x y z y r

x y

ˆ

x y z

A a A A a a A A a A a A a
a a a a a a a
a a a a a a

θ θ φ φ

aθ φ

θ

θ

θ φ θ φ θ θ φ θ φ φ

θ φ θ φ θ θ φ θ

+
=

+ +

= + + = + +

= + + = + −

= + − = +

Vector conversions :

ˆ ˆsin cos
ˆ ˆ ˆ ˆ ˆ ˆsin cos cos sin  

sin cos sin sin cos sin cos cos cos sin
cos cos cos sin sin      sin sin cos sin cos

sin cos

x y z r

r x y z x r

x y z y r

x y

a a
a a a a a a
A A A A A A A A
A A A A A A A A
A A A

θ φ

φ θ

θ φ

θ θ φ

φ

φ φ

φ φ θ θ

θ φ θ φ θ θ φ θ φ φ

θ φ θ φ θ θ φ θ φ

φ

+

= − + = −

= + + = + −

= + − = + +

= − + cos sin

ˆ ˆ sin sinˆ ˆ ˆ ˆsin cos cos
ˆ ˆ ˆ ˆ ˆ ˆcos cos      cos sin      sin  
ˆ ˆ ˆ ˆsin 0ˆ ˆ cos

z r

r yr x r z

x y z

x zy

A A A

a aa a a a
a a a a a a
a a a aa a

θ

θ θ θ

φ φφ

φ θ θ

θ φθ φ θ
θ φ θ φ θ
φ φ

= −

== =
= = = −
= − ==

Dot Products :
ii i

i i i
i ii
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